
A Rapid, Robust, and Accurate Coupled Boundary-Layer 
Method for Cart3D

David L. Rodriguez*, Peter Sturdza†, Yoshifumi Suzuki‡, Hervé Martins-rivas§

Desktop Aeronautics, Inc., Palo Alto, CA, 94303

Andy Peronto¶

Independent Consultant

An interactive boundary-layer method has been implemented within the Cart3D Euler 
solver. The implementation subscribes to the philosophy of automation and efficiency of the 
original Euler-based inviscid method. A quasi-simultaneous coupling algorithm has been 
applied to promote speedy convergence and robustness. A new interface between Cart3D 
and the boundary layer solver has been invented which further promotes robustness and 
accuracy. An elliptic solver for propagating the boundary layer solution between the 2-D 
strips has been developed that exhibits improved accuracy over traditional solvers. Results 
on airfoils, wings, and full aircraft configurations are shown and compared to Navier-Stokes 
solutions and experimental data. Conclusions are drawn as to the accuracy and practical 
application of the method.

Nomenclature

α	
 angle of attack
CL	
 lift coefficient
CD	
 drag coefficient
CD,press	
 drag coefficient due to pressure
CD,visc	
 drag coefficient due to skin friction
Cf	
 skin friction coefficient, normalized by the freestream dynamic pressure
Cp	
 pressure coefficient
δ* boundary layer displacement thickness
ṁ	
 local surface transpiration flux
M∞	
 freestream Mach number
Rechord	
 freestream Reynolds number based on the airfoil chord
ReMAC	
 freestream Reynolds number based on a mean aerodynamic chord
ρw flow density at the wall
S	
 distance along a running length of boundary layer
u	
 velocity magnitude
uw	
 flow velocity at the wall
x/c	
 fractional location along the chord of a wing
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I. Background
Cartesian Euler methods have advanced tremen-

dously over the past decade[1-3] and provide significant 
advantages over body-fitted structured and even unstruc-
tured mesh solvers. The ability to automatically generate 
quality meshes on arbitrarily complex geometries is per-
haps the most remarkable advantage to the aircraft de-
signer. Eliminating the often tedious grid-generation 
process from the workflow dramatically increases effi-
ciency and therefore productivity. This feature also al-
lows for the successful application of Cartesian Euler 
methods in a multidisciplinary design optimization 
environment[4-6]. Figure 1 illustrates a typical Cartesian 
mesh used on the supersonic business jet discussed in 
reference [6]. Cartesian Euler methods have even been 
applied in the design of natural laminar flow wings.7 
However, in all of these listed examples, the designs 
were optimized for supersonic flight where the Reynolds 
numbers are very high and therefore the boundary layers 
are extremely thin. Consequently, the viscous effects on 
the pressure distributions can be and are in fact ne-
glected.

But this simplification is certainly not justified for subsonic flow and is not even reasonable for transonic flow 
where Reynolds number effects can be quite significant. Cartesian methods have not yet advanced to the point where 
accurate viscous solvers can be easily and productively applied because of the unwieldy size of the meshes that are 
required. However, in past decades when computer hardware was still severely limiting for advanced viscous solv-
ers, Euler and full potential methods were often coupled with interactive boundary layer solvers to produce viscous 
simulations at a fraction of the cost of Navier-Stokes solutions[8-11]. A similar methodology has been successfully 
applied to the Cartesian Euler solver, Cart3D[1-2], which produces a relatively accurate viscous simulation method 
without sacrificing any of the tremendous advantages of original methodology.

An earlier implementation of an interactive-boundary-layer (IBL) method within Cart3D was already completed 
by Aftosmis et. al.12 before the work presented in this paper. While the method produced some results that matched 
Navier-Stokes solutions relatively well, in practice the solver was found to lack robustness and repeatability. Obtain-
ing accurate solutions also often required a great deal of “tuning” of the necessary data-smoothing parameters. These 
deficiencies forced the implementation to remain a research code and never enter the industry as a productive en-
hancement to the already widely used Cart3D Euler solver.

In 2007, Desktop Aeronautics initiated the task of improving the IBL method implemented by NASA Ames 
Research Center. A thorough investigation of past IBL implementations was completed and the more promising 
methodologies were tested in Cart3D. The final result was a much more robust and accurate Cart3D-IBL solver that 
did not suffer most of the deficiencies of the original implementation. The boundary-layer solvers themselves are 
more accurate and some even provide a fast transition prediction capability13. This paper will briefly discuss the 
algorithms and methodologies tested and finally implemented in Cart3D-IBL, though many more details are avail-
able in reference [14]. A number of results from this enhanced solver are also presented in later sections.

II. Methodology
The following sub-sections discuss the theory and implementation of the IBL solver in Cart3D. The underlying 

theory is first discussed along with Cart3D-specific issues. The main boundary layer solver is then presented, fol-
lowed by details on the coupling algorithm implemented. Finally, details on the interface between Cart3D and the 
IBL solver are discussed.

A. Basic Interactive Boundary Layer Theory
The underlying premise behind Cart3D-IBL is the same as any other IBL algorithm: the inviscid solver is used 

to compute the outer flow while the viscous solver solves only the flow right at the surface of the geometry being 
analyzed.  More specifically, it is based on the theory that solving the inviscid flow around a geometry that is dis-
placed by the boundary layer displacement thickness produces the same pressure field as solving the full viscous 
flow on the original surface geometry. Lock15 and Lighthill16 provide much more detail on this theory.  Of course, 
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Figure 1.	
 Example Cartesian mesh on a full supersonic 
business jet configuration.



determining and then solving the flow around the 
displaced surface geometry is problematic in prac-
tice. Fortunately, Lighthill’s relation allows the 
IBL solver to still use the actual surface geometry 
but then simply alter the boundary condition to 
mimic the effects of the boundary layer:

                        
(1)

Equation (1) computes the local mass flow rate 
through the surface (or transpiration flux) that 
correspondingly models the boundary layer dis-
placement thickness in an inviscid flow. The tran-
spiration boundary condition has been success-
fully used by many IBL solvers [8-11]. Cart3D-IBL 
not only utilizes Lighthill’s relation as a transpira-
tion boundary condition, but also includes a 
streamline curvature correction discussed by Lock. 
This curvature correction was found to be critical 
for accuracy of the solution overall.

On the other hand, many IBL solvers include 
a wake model to account for the thinning of the 
boundary layer beyond the trailing edge of an 
aerodynamic body such as a wing. Unfortunately, because the discretized Euler equations do not require a wake to 
maintain the Kutta condition as, for instance, a panel or full-potential code would, there is no geometry behind the 
trailing edge into which to ingest flow and model the thinning of the wake shear layer. This means the streamlines 
beyond the trailing edge of a wing turn more rapidly as they converge from the upper and lower surfaces than they 
would in truly viscous flow. Figure 2 illustrates this phenomenon. This premature turning of the streamlines effec-
tively increases the pressure near the trailing edge, meaning Cart3D-IBL solutions will always recover to slightly 
higher pressures at the trailing edges of airfoils and wings. This increased pressure at the trailing edge leads to de-
creased pressure drag on the wing or airfoil overall.  To solve this problem, a wake model of some kind would need 
to be introduced into the solver to properly model the thinning of the boundary layer as it leaves a trailing edge. Be-
cause Cart3D can handle arbitrarily complex geometry, automatically generating wake panels behind trailing edges 
is not a trivial task. Further research continues into ways to include a wake model,  but for the moment, Cart3D-IBL 
will always tend to over-predict trailing edge pressures and consequently under-predict pressure drag.

B. Boundary Layer Solver

The main workhorse of the IBL method is the 2‑D strip boundary-layer solver. For this implementation, an inte-
gral boundary-layer solver based on the work by Drela17 was selected. An integral method was chosen because pre-
vious experience indicates that this type of solver is more robust than those that solve the entire boundary layer pro-
file in a local mesh, especially in small regions of separation. This particular integral solver was chosen because of 
its well-validated accuracy in the XFOIL18 code and because it solves the laminar and turbulent parts of the bound-
ary layer simultaneously. Note the more classic solvers, such as the methods of Thwaites and Head only solve either 
the laminar or turbulent parts but not both. Also, Drela’s solver is compressible whereas Thwaites’ and Head’s are 
strictly incompressible. Probably the most widely used integral boundary-layer solver, Green’s19 lag-entrainment 
method, is compressible but only solves turbulent boundary layers. Finally, having separate turbulent and laminar 
solvers with different numbers of variables and equations poses both numerical and practical programming difficul-
ties when trying to couple those with an inviscid solver, especially when using the full- or quasi-simultaneous ap-
proaches.  This is the primary reason to use the Drela solver, which was essentially Drela's solution to combining a 
laminar boundary layer solver with something similar to the lag-entrainment method.

Some results obtained by the implemented boundary-layer code are compared to that of XFOIL for validation 
purposes.  Figure 3 shows the momentum thickness and skin friction coefficient distributions on a NACA 0012 air-
foil. The freestream Mach and chord Reynolds numbers are 0.1 and 100,000 respectively. In this example, the flow 
remains laminar on the entire surface and agrees well with the XFOIL result. A second example, presented in Fig-
ure 4,  shows the same flow forced to transition at 20% chord with the same freestream conditions as the first exam-
ple except the Reynolds number is 1,000,000. Both examples exhibit excellent agreement with XFOIL results attest-
ing to the accuracy of the Cart3D-IBL boundary layer solver.

3
American Institute of Aeronautics and Astronautics

X

Y
0.6 0.8 1 1.2

-0.2

-0.1

0

0.1

0.2

0.3

Cart3D + IBL CFL3D NS

Figure 2.	
 Streamlines at the trailing edge of an airfoil computed 
by Euler-IBL with no wake model and Navier-Stokes. The red 
streamlines are from Cart3D-IBL and green from CFL3D 
(Navier-Stokes).



C. Interactive Coupling Algorithms
In the process of improving the robustness and speed of Cart3D-IBL, several interactive-boundary-layer cou-

pling techniques were evaluated. The simplest and most intuitive interaction scheme is the so-called direct method. 
It is given that name because both the inviscid and the boundary-layer solvers are evaluated in direct, rather than 
inverse modes. More specifically, the inviscid solver provides a pressure or velocity distribution to the boundary 
layer solver which computes a boundary layer thickness distribution. However, the direct method has some serious 
limitations. In flows with strong interaction between the viscous and inviscid portions (such as those shown in 
Figure 5 from reference [20]),  considerable under-relaxation is required to stabilize and converge the method. Expe-
rience with the scheme has also shown that the amount of under-relaxation usually must increase as the inviscid, 
computational mesh size grows rendering the method impractical for subsonic and transonic cases. On the other 
hand, for purely supersonic flows the direct method works reasonably well. More details on the direct method are 
presented in reference [14].

Another commonly implemented viscous-inviscid coupling technique is the semi-inverse method of Carter21. In 
this algorithm, the inverse boundary-layer solver is provided an estimation of the displacement thickness distribution 
from which it computes the edge velocity/pressure distribution. An interaction formula is then used to drive both the 
inviscid and viscous solvers to agree on the edge veloc-
ity distribution. This method was used extensively by 
Cebeci and his colleagues at the former Douglas Aircraft 
Company with inviscid panel methods and even Euler 
codes22. The rationale for the method is that since the 
direct-mode boundary-layer equations become singular 
at separation points but the inverse-mode equations do 
not, then using an inverse boundary-layer code in the 
viscous-inviscid system would circumvent the problems 
with the direct method.  When implemented in Cart3D, 
the semi-inverse method seemed to work and certainly 
provided more stability, but its rate of convergence was 
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Figure 4.	
 Comparison of partially turbulent solutions from XFOIL (red) and the Cart3D-IBL 2‑D strip solver (blue) on a 
NACA 0012 airfoil at M∞ = 0.1, α = 0, Rechord = 1,000,000. Transition is set at 20% chord.
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Figure 3.	
 Comparison of fully laminar solutions from XFOIL (red) and the Cart3D-IBL 2‑D solver (blue) on a 
NACA 0012 airfoil at M∞ = 0.1, α = 0, Rechord = 100,000.
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Figure 5.	
 Areas of closely-coupled viscous-inviscid 
interaction (image courtesy of Prof. Arthur Veldman).



not particularly impressive. Also,  it was discovered that the still-
necessary level of under-relaxation continued to depend on the size of 
the inviscid computational mesh.  Due to the nature of Cartesian-mesh 
flow solvers, relatively fine meshes are required at leading and trailing 
edges of wings and therefore the semi-inverse method was not deemed 
ideal for Cart3D-IBL. Again, more details on the semi-inverse method 
are presented in reference [14].

Of course, the ideal coupling scheme, called the fully simultaneous 
method, involves adding the boundary-layer equations to the inviscid 
flow equations and solving them all together as one large set of equa-
tions. This method has been used with great success by Drela18 in two 
dimensions.  But the real difficulty for a Cart3D-IBL implementation is 
that the existing explicit flow solver is not compatible with the fully simultaneous method and would essentially 
need to be completely rewritten.

The next-best technique is due to Veldman20,23 and is known as the quasi-simultaneous method. It involves a 
fully simultaneous solution of the boundary-layer equations with an approximation of the inviscid flow followed by 
what amounts to a direct-method style coupling between that system and the true inviscid solver (as depicted in Fig-
ure 6). Veldman generally uses incompressible thin airfoil theory as the approximation to the inviscid flow and calls 
it the interaction law. For the Cart3D-IBL solver, this method was taken one step further and uses a 2‑D panel code 
as the approximate flow solver which provided added stability to the method overall. Reference [14] provide a great 
many more details on the implementation in the Cart3D-IBL solver.

D. Interface Between Cart3D and the Boundary Layer Solver
The embedded boundary conditions used in Cart3D present an interesting challenge in interfacing the boundary-

layer and Euler solvers. Traditionally with structured inviscid codes that couple with an IBL solver,  the boundary 
layer mesh and the inviscid mesh line up exactly in the streamwise direction. This is illustrated in Figure 7. Data 
from the inviscid solver is available at the wall in the exact location where a quality boundary layer mesh can be 
generated. Of course,  with an integral method, the mesh can simply be a grid line from the inviscid mesh surface. 
However, Cart3D uses an unstructured, triangulated surface to drive the embedded boundary condition in the vol-
ume mesh cells intersected by the surface (cut-cells).  The original Cart3D-IBL implementation12 used flow data 
from the surface triangulation to drive the boundary layer solver.  Since the triangulation topology does not necessar-
ily lend itself to smooth slices of geometry on which to solve the boundary layer,  the data is always interpolated to 
some slice of the triangulation. Of course, the data on the triangulation is already interpolated from the volume mesh 
solutions. Normally, there is not a one-to-one connection between a volume cell and a surface mesh cell; in fact, 
usually there are many more surface mesh cells in the streamwise direction to ensure accuracy of the Euler solver. 
To compound matters, the original boundary layer solver required an equispaced mesh in the streamwise direction, 
forcing yet another interpolation and resampling of data in the streamwise direction.  These multiple layers of inter-
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Figure 6. Quasi-simultaneous method.

Figure 7. Topology on a typical IBL implementation on a 
structured mesh. All  meshes match cell by cell  making 
data interface between solvers straightforward.
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Figure 8. Topology of IBL implementation on a Cart3D 
mesh. The triangulation on the surface is shown coarse 
here but is typically finer than the Cartesian mesh.
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polation from the cut-cells to the triangulation and from 
the triangulation to the boundary layer mesh provide mul-
tiple sources of error,  especially since there are rarely 
one-to-one interpolations in any layer. The accumulated 
error would result in very rough data which would have 
to be numerically smoothed to allow the boundary layer 
solver to function properly, introducing yet another 
source of error. In the end, the interface was error-prone 
and not robust.

To diminish these errors and consequently improve 
robustness, the interface was completely reinvented. The 
original interface was crippled by the fact that the bound-
ary layer solver required equally spaced solution points in 
the streamwise direction. The boundary layer developed 
in this work has no such restriction. This allows for dras-
tic simplification of the interface. Instead of the triangula-
tion dictating the boundary layer mesh, the volume mesh 
itself determines the mesh. The volume mesh is sliced and each cut-cell that intersects the boundary provides a 
boundary layer mesh point. An example is shown in Figure 9. The red dots and blue squares represent a boundary 
layer mesh for the integral solver. Data is transferred from the cut-cell to the boundary layer solver with minimal 
1st-order accurate interpolation (within the cell only, from the cell center to surface),  minimizing error. Unfortu-
nately, the nature of the inviscid solution can will still produce slightly oscillatory data which occasionally will re-
quire a tiny amount of numerical smoothing. However, most often the flow data can be used in raw form with no ill 
effects. This new interface along with the quasi-simultaneous coupling scheme discussed above drastically improved 
robustness and accuracy of the Cart3D-IBL solver.

E. Elliptic Solver

The boundary-layer solver only solves the boundary layer on 2‑D cuts or strips of the full geometry. In order to 
model the boundary layer on the entire 3‑D surface of a configuration, the set of 2‑D local solutions must be con-
verted into a 3‑D solution over the entire surface of the configuration being analyzed. The actual task that must be 
completed is interpolation and even extrapolation the transpiration flux over the entire surface given the transpira-
tion flux on the 2‑D boundary layer strips. The most common technique for doing so is to solve the diffusion equa-
tion over the entire surface with the boundary-layer solution strips acting as fixed boundary conditions.  This is what 
was done by both Potsdam11 and Aftosmis12.  This algorithm that solves the diffusion equation is commonly referred 
to as the “elliptic solver” since it is solving the strictly-elliptic diffusion equation. Currently the elliptic solver works 
on the triangulated surface mesh that acts as the surface representation in the Cart3D flow solver. The solutions from 
the boundary layer strip solutions are first “seeded” onto the appropriate cells in the triangulation and the elliptic 
solver then propagates this solution to all other cells on the surface, attempting to mimic a full 3‑D boundary layer. 
An example of this seeding is shown in Figure 10, where the red cells are where the transpiration flux is computed 
by the boundary layer solver and the blue region must be computed by the elliptic solver.

6
American Institute of Aeronautics and Astronautics

the volume mesh through the boundary conditions. The process starts with seeding the triangulation with 
the solutions from the boundary layer strips. Data from each boundary-layer solution points is transferred 
to the nearest triangle on the surface mesh. In this case, the data is strictly the transpiration flux rate used 
to model the viscous layer. From there, an elliptic solver (discussed in the next section) propagates the 
solution between strips providing a full 3‑D transpiration rate distribution on the surface triangulation. This 
transpiration is then used in the Euler solver with a proper boundary condition. For Cart3D, this boundary 
condition uses an analytical solution of the Riemann problem to ensure the proper mass flow rate through 
the surface in each boundary cell and yet not produce any additional momentum or energy.

Anisotropic Elliptic Solver
The boundary-layer codes above only solve the boundary layer on 2‑D cuts, whether they are Cartesian 
cuts, arc cuts, or cuts through an axis. In order to model the boundary layer on the entire 3‑D surface of a 
configuration, the set of 2‑D local solutions must be converted into a 3‑D solution over the entire surface 
of whatever configuration is being analyzed. The actual task that must be completed is to interpolate and 
even extrapolate the transpiration mass flux over the entire surface given the transpiration flux on the 2‑D 
boundary layer cuts. The most common technique for doing so is to solve the pure diffusion equation over 
the entire surface with the boundary-layer solution strips as fixed boundary conditions. This is what was 
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Figure 7.12. Points used for communication of data between Cart3D and the boundary-layer solutions. In 
this case, the red dots represent the upper surface boundary layer points and the blue squares the 
lower surface. Note this solution is at an angle of attack so the upper surface extends beyond the 
leading edge.

Figure 9. Volume grid and corresponding boundary-
layer points on a typical wing section.

Figure 10.	
 Example of seeded initial 
condition for elliptic solver on the 
Onera M6 wing.

Figure 11.	
 Transpiration flux contours computed by the original  (left) and 
anisotropic (right) on the Onera M6 wing. The white lines indicate where 
the boundary layer solution strips are located.



Since the initial implementation, two major improvements have been made to the elliptic solver used by Aftos-
mis12. The first improvement was to make the solver grid-independent. The original elliptic solver which used a 
point-implicit, successive over-relaxation scheme24, but its accuracy was severely tied to the mesh quality.  The new 
method is based on the SUSHI solver developed by Eymard25. More details are discussed in reference [26]. The sec-
ond improvement was more fundamental and attempted to improve accuracy. Instead of using an isotropic solver, 
the anisotropic diffusion equation is solved on the triangulation. Since boundary layer thickness is directly related to 
the local pressure distribution, the isobars are used as directions of maximum diffusion in the anisotropic solver. 
This allows sharp features such as the large boundary layer growth at the foot of a shock to be maintained between 
boundary layer strips. This new process allows for fewer boundary layer strips and a better approximation of the full 
3‑D boundary layer. Figure 11 shows some results from both the original solver and the new anisotropic solver. 
Notice the transpiration flux contours follow the shock more closely in the anisotropic case and do not have islands 
of high transpiration as compared to the results for the original solver. More examples are given in reference [26].

III. Applications
Several validation cases were compiled for the Cart3D-IBL solver. In all cases, the Cart3D-IBL results are com-

pared to Reynolds-averaged Navier-Stokes solutions (either CFL3D27 or OVERFLOW28) and in some cases with 
experimental data. Included in these test cases are several airfoils and a few full 3-D configurations.

Joukowski Airfoil

This airfoil was selected as a test case because it has 
a cusped trailing edge. The hope was to minimize the 
effect of the wake on the solution since the upper and 
lower surfaces of the airfoil are parallel at the trailing 
edge. However, the curvature of the airfoil surface is 
still finite as is the curvature of the boundary layer so 
the lack of wake model is not completely eliminated.

The computed chordwise pressure distributions are 
shown in Figure 12. The agreement is excellent in this 
case,  with the Cart3D-IBL solution matching the 
CFL3D Baldwin-Lomax29 solution perfectly except 
right at the trailing edge.  The turbulence model in 
Cart3D-IBL is algebraic like the Baldwin-Lomax model 
so those two solutions should indeed match well. The 
other solutions use the Spalart-Allmaras30 one-equation 
model and Menter’s31 SST two-equation model. The 
trailing edge pressures are slightly off, presumably be-
cause of the lack of a wake model. In fact,  as will be 
obvious in all cases presented here, the trailing edge 
pressures will always be over-predicted due to the miss-
ing wake model.

The computed lift and drag on this airfoil are given 
in Table 1. The lift forces computed by Cart3D-IBL and 
CFL3D with the Baldwin-Lomax model are effectively 
identical. This is expected because of the excellent 
agreement in the pressure distributions in Figure 12. On 
the other hand, the total drag by Cart3D-IBL is signifi-
cantly different than the Navier-Stokes computations. 
The lower pressure drag is explained primarily by the 
higher trailing edge pressures in the Cart3D-IBL solu-
tion.  On the other hand, the viscous component of the 
drag matches extremely well. Since this is a 2‑D sub-
sonic case,  the pressure drag is solely due to viscous 
effects. The missing wake model therefore has a signifi-
cant effect on the pressure drag. As will be revealed be-
low, for cases where wave and/or induced drag are pre-
sent, the error due to the missing wake model are dimin-
ished compared to the overall drag levels.
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Figure 12.	
 Chordwise pressure distributions computed by 
Cart3D-IBL and CFL3D (with several  turbulence 
models) on a Joukowski airfoil.

Solver CL CD CD,press CD,visc

CFL3D (BL) 1.159 0.01608 0.00750 0.00858

CFL3D (SA) 1.123 0.01574 0.00749 0.00825

CFL3D (SST) 1.088 0.01602 0.00795 0.00806

Cart3D-IBL 1.154 0.01375 0.00509 0.00866

Table   1. Computed forces on the Joukowski airfoil 
analyzed at M∞ = 0.5, α = 2.0°, and Rechord = 1.0 million. 
The three CFL3D entries are with three different 
turbulence models.



Selig 1223 Airfoil

This strange airfoil was selected as a test case be-
cause of the huge difference between viscid and inviscid 
solutions, even at low subsonic speeds. Solutions from a 
range of Reynolds numbers are presented in Figure 13 in 
the form of chordwise pressure distributions. The com-
parison between Cart3D-IBL and CFL3D (with the 
Baldwin-Lomax turbulence model) are near perfect ex-
cept right at the trailing edge again because of the lack 
of a wake model.

The computed forces are also given in Table 2. 
Once again, the agreement is quite good in terms of lift, while the pressure drag is under-predicted. In this case, 
however, the viscous drag is also somewhat under-predicted. Note that the CFL3D solution is slightly unsteady be-
cause of a small separation bubble very near the trailing edge on the upper surface. It is certainly possible that this is 
affecting the viscous drag computation in CFL3D. Once again, a wake model should help improve this drag predic-
tion.

RAE 2822 Airfoil

This airfoil was the first true transonic test of the Cart3D-IBL solver. Some results are show in Figure 14 as 
compared to Navier-Stokes solutions and experimental data32. The shock location for this case falls within the range 
of the Navier-Stokes solutions with different turbulence models. Note that not only has the IBL solution moved the 
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Solver CL CD CD,press CD,visc

CFL3D 1.494 0.01327 0.00604 0.00723

Cart3D-IBL 1.425 0.01201 0.00525 0.00676

Table   2. Computed forces on the Selig 1223 airfoil 
analyzed at M∞ = 0.3, α = 1.0°, and Rechord = 5.0 million.
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Figure 13.	
 Chordwise pressure distributions from Cart3D and CFL3D solutions  for a  sweep of Reynolds numbers on the 
Selig 1223 airfoil.



shock to the correct location, but it has also eliminated 
the “Euler bounce”, which is the overshoot of pressure 
followed by a re-acceleration right after a shock in in-
viscid flow. Also, the IBL solution is slightly ragged 
right after the shock which is not uncommon with these 
transonic solutions. Occasionally, for improved stability 
in transonic cases,  a very tiny amount of numerical 
smoothing must be applied to the data extracted from the 
Euler solution, which unfortunately introduces very 
small local errors.  This and the fact that the pressure 
gradients are very high in this region can make it diffi-
cult to  completely suppress the Euler bounce. Also, the 
inclusion of a wake model is expected to improve the 
pressures at the trailing edge, lining it up better with the 
Navier-Stokes solutions. Note that the wind tunnel 
geometry used to obtain this experimental data was 
found to be slightly different than the true RAE 2822 
geometry, especially near the leading edge as discussed 
in reference [32]. This explains the lack of a pressure 
hump near the leading edge in the CFD solutions. Of 
course, the goal of Cart3D-IBL is to approach the accu-
racy of Navier-Stokes solutions which these results indi-
cate has occurred in our implementation.

The computed forces on this case are given in Ta-
ble 3. In this case, the lift prediction is slightly higher 
than the Navier-Stokes predictions. The pressure drag, 
which in this case is mostly wave drag, is somewhat 
over-predicted while the viscous drag is somewhat 
higher than the Navier-Stokes calculations. At this point, 
the reason for this is unclear and further investigation 
and validation is required.

Biconvex Airfoil

The final 2‑D test presented here for the IBL 
method is a fully supersonic case. A 3% thick biconvex 
airfoil provides as good of a test as any, especially since 
this is the only airfoil tested here with a sharp leading 
edge. This biconvex airfoil has its maximum thickness at 
40% chord. The results from Cart3D-IBL and CFL3D 
are shown in Figure 15. The results are near perfect as 
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Figure 14.	
 Chordwise pressure distributions from Cart3D 
and CFL3D solutions (with several turbulence models) 
on the RAE 2822 airfoil along with experimental data.

Solver CL CD CD,press CD,visc

CFL3D (BL) 0.738 0.01322 0.00685 0.00637

CFL3D (SA) 0.699 0.01308 0.00639 0.00669

CFL3D (SST) 0.693 0.01219 0.00601 0.00618

Cart3D-IBL 0.745 0.01315 0.00705 0.00610

Table   3. Computed forces on the RAE 2822 airfoil 
analyzed at M∞  =   0.729, Rechord   =   6.5  million, and 
α   =   2.31°. The three CFL3D entries are with three 
different turbulence models.
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Figure 15.	
 Chordwise pressure distributions from Cart3D 
and CFL3D solutions (with several turbulence models) 
on a 3% thick biconvex airfoil.

Solver CL CD CD,press CD,visc

CFL3D (BL) 0.188 0.02225 0.01472 0.00752

CFL3D (SA) 0.189 0.02195 0.01475 0.00720

CFL3D (SST) 0.188 0.02184 0.01471 0.00713

Cart3D-IBL 0.190 0.02339 0.01485 0.00854

Table   4. Computed forces on the 3% biconvex airfoil 
analyzed at M∞ = 1.5, α = 3.0°, and Rechord = 1.0 million. 
The three CFL3D entries are with three different 
turbulence models.



expected since the wake has no effect on the airfoil since all 
the flow is supersonic. Note, however, that the CFL3D solu-
tion smears out the trailing edge shock while Cart3D-IBL 
maintains a very sharp shock. It is unclear if a wake model 
would improve this agreement or whether it would even be an 
improvement.

The computed forces on this biconvex airfoil are given in 
Table 4. The lift computation agreement is excellent which is 
not unexpected since the boundary layer has little effect on the 
lift for this case. In other words, the Euler solution gets about 
the same lift anyway. However, the drag is slightly over-
predicted. Here the pressure drag is predicted well but the 
viscous drag is a bit high. It is unclear why at this point. Per-
haps the turbulence model in the boundary-layer code is not 
well tuned for supersonic flow. Perhaps the slight difference in 
the pressures at the trailing edge account for some of this dis-
crepancy. Further investigation will be required to determine 
the cause of this seemingly over-prediction of viscous drag.

Onera M6 Wing

Cart3D-IBL was also tested in 3‑D on the Onera M6 
wing. This geometry is often used in validation of CFD codes 
because of the complex double-shock structure that develops 
at transonic freestream speeds.  Wind tunnel data33 in the form 
of pressures are also available for this wing offering an excel-
lent validation case. The Cart3D-IBL solution was generated on the Onera M6 wing using 16 planar cuts parallel to 
the root for boundary-layer solution strips.  The locations of these strips are shown in Figure 16, along with the loca-
tions of the available experimentally measured pressures. Note that seven of the IBL strips are placed exactly where 
the wind tunnel model pressure ports are located.

Figure 17 shows the results from the Cart3D-IBL code on this wing along with the experimental data.  For com-
parison, CFL3D Navier-Stokes solutions are also shown. The agreement between Cart3D-IBL and the experimental 
data is quite good, especially as compared to the well-validated CFL3D code. Note that the Euler bounce is reduced 
in the IBL solutions.  The Cart3D-IBL solutions at 65% and 80% span are even better than the CFL3D Navier-Stokes 
solutions. The CFL3D solutions are similar to those documented in the user’s manual so it is well known to not per-
form terribly well on this wing at these span locations. Some streamwise grid refinement studies with CFL3D were 
performed with no improved results, but it is possible the CFL3D mesh is still too coarse in the spanwise direction. 
The Cart3D mesh is naturally very refined in the spanwise direction since it must be in the streamwise direction. 

A comparison of the forces computed by Cart3D-IBL and the CFL3D solvers is shown in Table 5.  The lift cal-
culations agree quite well as expected since the pressures are so similar. Both the pressure and viscous drag predic-
tions are near the high range of Navier-Stokes solutions and are particularly close to the Spalart-Allmaras solution, 
though this may just be good fortune. Referring back to Figure 17, note that the experimental data does not match 
terribly well with CFL3D outboard, so perhaps the 
Cart3D-IBL solution is actually more accurate.

Figure 18 shows the difference in surface pressure 
contours between the Euler and IBL Cart3D solutions. 
Note that both shocks are slightly weaker,  less crisp, 
and further forward. The region where the two shocks 
converge certainly has a softer shock in the IBL solu-
tion.  This is evidence the Euler undershoot has been 
diminished as is expected in a viscous solution. Fig-
ure 19 shows a comparison of the surface skin friction 
contours as computed by both CFL3D and Cart3D-
IBL. The two plots are very similar except the CFL3D 
solution has lower skin friction right after the shocks. 
These levels are very low and the region small, how-
ever, so the overall integration of skin friction is not 
significantly affected.
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Figure 16.	
 Location of boundary layer strips on the 
Onera M6 wing for the Cart3D-IBL solution. The 
black dots are the pressure ports on the wind 
tunnel model. 

Solver CL CD CD,press CD,visc

CFL3D (BL) 0.276 0.01789 0.01245 0.00544

CFL3D (SA) 0.275 0.01914 0.01348 0.00567

CFL3D (SST) 0.267 0.01702 0.01166 0.00536

Cart3D-IBL 0.273 0.01915 0.01350 0.00565

Table 5. Computed forces on the Onera M6 wing analyzed at 
M∞  =  0.8395, α  =  3.06°, and ReMAC  =  11.72 million. The 
three CFL3D solutions are with three different turbulence 
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Figure 17.	
 Chordwise pressure distributions at several spanwise stations on the Onera  M6 wing at M∞ =  0.8395, 
ReMAC = 11.72 million), and at α = 3.06°. Experimental data, CFL3D Navier-Stokes  solutions, and Cart3D solutions are 
shown, including Euler solutions for comparison.

              
Figure 18.  Pressure contours on the Onera M6 wing as computed by Cart3D-Euler (left) and Cart3D-IBL (right).



DLR-F4 Wing/Fuselage

The first AIAA Drag Prediction Workshop34 provides another good albeit challenging validation case for the 
Cart3D-IBL solver. For this case,  three separate wind tunnel tests provide not only pressure data but also measured 
forces at many flight conditions. This case proved to be a challenge for the participants of the workshop itself, at 
least with the meshes provided. Very few of the Navier-Stokes solvers could match the forces from the experimental 
data, presumably because they could not properly capture the separation pattern at the trailing edge of the inboard 
section of the wing. The participants were instructed to compute solutions at fixed lift, which in almost all cases re-
sulted in running solutions at lower angles of attack (up to half a degree lower) than indicated by the wind tunnel 
data. Note that Aftosmis12 reported good results with the original Cart3D-IBL solver for this test case.

The improved Cart3D-IBL solver was used generate several solutions on the DLR-F4 at different angles of at-
tack but all at Mach 0.75 and a Reynolds number of 3 million based on the mean aerodynamic chord. The location 
of the IBL strips are shown in Figure 20; notice both the wing and fuselage were made viscous surfaces.  The com-
puted forces from these analyses are shown in Figure 21, 
along with the result from solutions generated by Bun-
ing35 using the workshop-provided mesh. Cart3D-IBL 
significantly over-predicts lift, much more so than the 
Navier-Stokes solutions generated for the workshop. The 
drag polar is affected accordingly, though the lift-to-drag 
ratio computed by Cart3D-IBL is much closer to the ex-
perimental data. These results clearly indicate a problem 
in computing lift, even by the Navier-Stokes solver to 
some extent. In an attempt to improve upon the results of 
a workshop completed almost a decade ago, the authors 
took the liberty of generating a new, much finer mesh on 
the DLR-F4 using the geometry files provided by the 
workshop online. The results from analysis on this mesh 
are also shown in Figure 21. The lift prediction has im-
proved though the drag polar is now off slightly.  Never-
theless, the reason for the higher lift predicted by 
Cart3D-IBL is revealed by closer examination of the 
Navier-Stokes solutions.

Figure 22 shows near-surface-restricted streamlines 
at the trailing edge of the inboard wing as computed by 
OVERFLOW on the very fine mesh. Note the extensive, 
three-dimensional separation pattern at the trailing edge. 
The workshop results showed a similar separation pattern 
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Figure 19.	
 Skin friction contours on the Onera  M6 wing as computed by CFL3D (left) with the Baldwin-Lomax  

turbulence model and Cart3D-IBL (right).

Figure 20.	
 Location of boundary layer strips (red lines) on 
the DLR-F4 wing-fuselage validation case.



though not as extensive in the spanwise direction. Also 
note the severe spanwise turning of the streamlines in 
trailing edge region. This flow feature seems to be the 
primary source for the reduction in lift in the Navier-
Stokes solution and in the wind tunnel. Cart3D-IBL is not 
capable of predicting 3-D separation patterns and there-
fore does not predict any separation. This validation case 
has simply gone beyond the capability of the current IBL 
solver.

Nevertheless, the results are still significantly im-
proved from the pure Euler solution. Figure 23 shows 
pressure distributions computed by Cart3D and Cart3D-
IBL compared to experimental data. Note the very sig-
nificant effects of viscosity as the shock has moved a 
great deal forward as compared to the inviscid Euler solu-
tion,  though not quite far enough to match the experimen-
tal data. The OVERFLOW solution actually moved the 
shock too far forward, further indicating that this is a 
challenging case for even Reynolds-averaged Navier-
Stokes solvers.

Recall that Aftosmis also ran this case with the origi-
nal version of Cart3D-IBL and reported good results for 
the 40.9% spanwise station as compared to Navier-Stokes 
results. However, as reported in reference [12], the mesh 
size used was about 2.5 million points for the full-span configuration.  The solutions presented here used over 
4.3 million points for only half the configuration. Though not presented here, when a smaller mesh that was about 
the size of that used by Aftosmis was used, the Cart3D-IBL analysis was much more in line with what was presented 
in reference [12]. In other words, the accuracy of the improved Cart3D-IBL has not been compromised by the im-
provements presented in this work.

DC-9 Wing/Fuselage/Empennage

To showcase the capabilities of Cart3D-IBL, a more complicated configuration was analyzed. A geometric 
model of the DC-9 full configuration (without the nacelles and pylons) was generated for this test case. The 
geometry was analyzed with both Cart3D-IBL and OVERFLOW, though naturally the Cart3D-IBL solution process 
was much quicker.  The geometry is shown in Figure 24 along with the 77 boundary layer strips (mirrored for effect) 
used in the Cart3D-IBL solution.  The OVERFLOW solution was completed on a decent-sized mesh of over 8 mil-
lion points.

At first, to keep the Navier-Stokes mesh generation simpler, the aircraft was analyzed with no wing/fuselage 
fairing, very much like the DLR‑F4 with hopes of no flow separation. Unfortunately and perhaps predictably, a flow 
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Figure 21.	
 Comparison of forces on DLR-F4 wing/fuselage as computed by OVERFLOW and Cart3D-IBL with 
experimental data.

Figure 22.	
 Surface oil-flow pattern at the wing-fuselage 
junction as computed by OVERFLOW on the DLR‑F4. 
This  analysis  was generated at M∞ = 0.75, α = 0.17°, and 
ReMAC = 3.0 million.



separation pattern very much like that shown in Figure 22 was predicted by OVERFLOW. Consequently, a wing/
fuselage fairing similar to that on the real aircraft was added to the model which was then reanalyzed. The flow 
separation was eliminated as shown by the near-surface-restricted streamlines in Figure 25. Also,  the streamlines are 
quite straight and do not turn violently at the trailing edge, indicating healthy, attached flow. On the other hand, the 
strong shock on the outboard part of the wing does induce separation, but the flow quickly reattaches. The OVER-
FLOW mesh was quite a bit more complicated and tedious to generate (especially when compared to the Cart3D 
meshing process), but the result was what was believed to be an excellent validation case for Cart3D-IBL on a com-
plex geometry.

Cart3D Euler and Cart3D-IBL solutions were then generated on this same geometry. The computed pressure 
distributions at four spanwise stations on the wing are compared to the OVERFLOW solution. The agreement is 
excellent; the shock location is predicted almost exactly at all stations. For this aircraft,  viscous effects effectively 
move the shock moved upstream just over 5% chord, which is significant. The only major difference in the pressures 
of the viscous solutions is again at the trailing edge, as we have seen in every validation case presented.

The forces computed by both viscous analyses are given in Table 6, including the drag breakdown.  Cart3D-IBL 
should yield a reasonable prediction for this case, and the forces shown in Table 6 verify this hypothesis. Of course, 
to be a more proper validation case, a grid refinement study would have to be performed with OVERFLOW to make 
certain the computed forces are as correct as possible. It is conceivable that a finer mesh will increase the lift and 
lower the drag of the OVERFLOW solution, bringing the two results even closer.  However, considering the first 
solution generated matched the Cart3D-IBL solution so closely does show promise for the Cart3D-IBL solver. The 
skin friction distribution as computed by Cart3D-IBL is shown in Figure 27, demonstrating the ability of to model 
viscosity on all surfaces.
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Figure 23.	
 Chordwise pressure distributions at several  spanwise stations on the DLR-F4 wing/fuselage at M∞ =  0.75, 
ReMAC = 3.0 million, and α = 0.17°. Experimental data, an OVERFLOW solution, and Cart3D solutions are shown
(including an Euler solution) for comparison.
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Figure 26.	
 Chordwise pressure distributions at several  spanwise stations on the DC-9 wing/fuselage/fairing/empennage 
model at M∞  =  0.78, α = 0.5°, and 31,000 feet of altitude. OVERFLOW and Cart3D-IBL solutions are shown for 
comparison.

Figure 25.	
 Near-surface-restricted streamlines on the DC-9 
wing/fuselage/fairing as computed by OVERFLOW.

Figure 24.	
 Location of boundary layer strips (red lines) on 
the DC-9 wing/fuselage/fairing/empennage validation 
case.



IV. Future Work
The work completed on the development of the 

Cart3D-IBL solver is significant and the developers 
have made great strides to creating an application ready 
for production work.  But there is certainly a lot more 
work to do. First and foremost, further validation is 
necessary. While the number of validation cases pre-
sented here is noteworthy, it is not sufficient to provide 
a final verdict as to the accuracy and applicability of the 
Cart3D-IBL solver. Naturally, the development of the solver to improve accuracy,  robustness, and performance will 
also continue. This section describes just some of the work planned for this solver in the near future.

Improvement of Transonic Interaction Law

Every transonic test case on a fine mesh has shown that the IBL interaction law is slightly unstable in the region 
right after a strong shock. Currently some under-relaxation is used to alleviate this instability. However, this can 
significantly hinder convergence and is not always sufficient for exceptionally strong shocks. Also, the method can 
have have difficulty placing the shock. As the shock moves during an IBL update,  the boundary layer cannot re-
spond quickly enough, thus inserting a large bump in the displacement thickness where the shock was in the last IBL 
update. This problem compounds itself when the shock moves to several different locations and the previous bound-
ary layer thickness bumps have not completely disappeared. What would be closer to ideal is a better transonic in-
teraction law, where the approximate inviscid solver can better predict where the shock will be located in the next 
IBL update. This likely means the inclusion of a transonic flow solver such as a transonic-small-disturbance solver 
or maybe even a full potential solver. The solver must be exceptionally fast of course,  but can exploit the multiple 
processors that Cart3D uses anyway. Further research in this field will be necessary as the transonic regime is where 
Cart3D-IBL can have its greatest impact in the industry.

Development of a Wake Model

As mentioned in several parts of the paper, the current implementation of Cart3D-IBL does not have a wake 
model. It is very difficult to include a 3‑D wake model on arbitrary geometry in an unstructured Cartesian mesh. 
However, the lack of a wake model is clear in the results shown where time after time the trailing edge pressures 
recover too much and effectively alter the solution in this region. This over-recovery also affects the stability of the 
boundary layer as it can induce separation in this region where perhaps no separation should occur. The lack of a 
wake model is a critical issue and should be addressed in the future to ensure accuracy and robustness of the IBL 
method.

Improving Performance

Currently the only part of the Cart3D-IBL solver that is exploiting multiple processors simultaneously is the 
original Cart3D Euler solver. None of the IBL parts of the solver are parallelized. They currently do not require a 
great deal of computation time so it is not a debilitating lack of parallelism. But as the geometry gets more compli-
cated, the meshes correspondingly become larger and the number of boundary layer strips increases. This scenario 
will become a problem and will hurt the performance of Cart3D-IBL as a design tool.  This is especially true for the 
elliptic solvers (and in particular for the anisotropic solver) which can require the most computational resources dur-
ing an IBL update. Fortunately there is a great deal of potential for parallelism in the IBL codes.  This potential will 
be tapped in future work as the authors strive to improve the performance of the Cart3D-IBL solver.
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Figure 27. Skin friction distribution on the DC-9 model as 
computed by Cart3D-IBL.

Solver CL CD CD,press CD,visc

OVERFLOW 0.381 0.02506 0.01307 0.01199

Cart3D-IBL 0.386 0.02422 0.01311 0.01110

Table   6. Computed forces on the DC-9 wing/fuselage/
fairing/empennage model analyzed at M∞   =   0.78, 
α = 0.5°, and an altitude of 31,000 feet.



Rapid Transition Prediction

The 2-D strip solver in Cart3D-IBL is the default solver, but a second solver has also been partially imple-
mented. A new sweep-taper boundary layer code based of the work of Sturdza36 has been installed which includes 
some 3-D effects such as spanwise pressure gradients. This solver exhibits increased accuracy overall but also pro-
vides a very unique capability. The sweep-taper solver also includes a rapid transition prediction method, suitable for 
rapid trade studies and design optimization. The transition prediction method is further detailed in reference [13]. 
This is a capability not available in Navier-Stokes solvers today and is absolutely critical in the design of modern 
aircraft that exploit laminar flow. The current sweep-taper solver can only be successfully used in direct mode which 
does not lend itself to transonic wing analysis. However, development of the quasi-simultaneous version of the 
solver is underway.

V. Conclusions
The purpose for developing the IBL solver for Cart3D was not to replace or even duplicate Reynolds-averaged 

Navier Stokes solvers. By definition, IBL methodology can never hope to accomplish that. The purpose for develop-
ing Cart3D-IBL was to improve a tool that can do all the things Navier-Stokes solvers cannot do presently. The con-
ceptual designer that sketches an airplane for the first time is not going to immediately analyze that sketched 
geometry with a Navier-Stokes solver. However, Cart3D-IBL can analyze a geometry in about an hour or two on a 
laptop computer. This is a very powerful tool for the conceptual designer as the design space can be explored more 
accurately and more thoroughly than with lower fidelity methods. Building massive aerodynamic databases and 
even using design optimization with high-fidelity aerodynamic analysis suddenly become possible with Cart3D-IBL. 
While Navier-Stokes based optimization is certainly feasible and has been achieved many times,  the massive amount 
of computer resources currently required to perform the task quickly is not available to most engineers. Also, such 
optimizations rarely allow the user to make major changes to an aircraft geometry, whereas this is possible and even 
simple with the Cart3D automatic mesh generation process. Taking this feature into account and based on the results 
presented above, the Cart3D-IBL solver, even in its fledgling state, has so far proven to be a success.  The accuracy 
of the solver has been demonstrated to be adequate for conceptual and even preliminary design work. The method 
will inherently have problems computing flows that have complex 3-D separation patterns,  but for conceptual design 
this deficiency is not debilitating. The performance of the solver has not been significantly compromised by adding 
the IBL solver so it retains that advantage. The robustness of the solver has been significantly improved and should 
be production-ready shortly. While Navier-Stokes solvers will always be necessary for final validation,  the 
Cart3D‑IBL solver allows for improved productivity in the design of aircraft. The additional capabilities,  including 
the ability to predict transition, will allow engineers to design the revolutionary aircraft of the future.
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