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Abstract

The computation of boundary-layer properties and laminar-to-turbulent transition location

is a complex problem generally not undertaken in the contextof aircraft design. Yet this

is just what must be done if an aircraft designer is to exploit the advantages of laminar


ow while making the proper trade-o�s between inviscid drag, structural weight and skin

friction. To facilitate this process, a new tool is developed. This thesis presents a design-

oriented method for the aerodynamic analysis of supersonicwings including approximate

means for estimating transition and total drag.

The method consists of a boundary-layer solver combined witha fast and robust tran-

sition scheme based on the well-knownen criterion. The boundary-layer analyses em-

ployed are computationally inexpensive but su�ciently acc urate to provide guidance for

advanced design studies and to be incorporated in multidisciplinary design optimization.

The boundary-layer solver is based on an enhanced quasi-3D sweep/taper theory which is

shown to agree well with three-dimensional Navier-Stokes results.

The transition calculation scheme is implemented within the boundary-layer solver and

automatically triggers a turbulence model at the predicted transition front. The laminar

instability ampli�cation values used in the en criterion are based on algebraic �ts to linear

stability results for streamwise and cross
ow modes. This parametric transition prediction

method compares favorably with exact linear theory on relevant geometries and successfully

computes transition for a supersonic 
ight test.

Integration of the present design method with numerical optimization is discussed, and

airfoil section and wing/body shape optimizations are performed. Wing/body drag mini-

mization studies suggest that low-sweep supersonic aircraft with extensive laminar 
ow may

have a signi�cant drag advantage over conventional designs.
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Chapter 1

Introduction

1.1 Background

Interest in commercial supersonic aircraft has persisted for many decades, certainly since

the celebrated breaking of the \sound barrier" at the end of 1947 (Figure 1.1). After all,

the primary utility of aircraft is to travel at high speeds. E ven the monstrous airships

of the 1930s promised to zip past the ocean liners of the time at about triple the speed.

Since the beginning of the jet age in the early 1950s, however, commercial aircraft have

essentially stopped going faster. Many commercial supersonic designs have been proposed,

from 300 passenger transports to 10 passenger corporate aircraft, but other than a few

Anglo-French Concordes and Soviet Tu-144s, none have been built. Even among military

aircraft, many of which routinely operate supersonically, there are few that can do so for a

signi�cant portion of their mission. The drop in aerodynami c e�ciency in supersonic 
ight

has de�nitely contributed to what is essentially a second sonic barrier|the economic one.

One intriguing proposal to break through this barrier is to design a natural laminar 
ow

supersonic airplane [1].

Since the time of the great airships of the 1930s, aircraft designers have been interested

in maximizing the extent of laminar 
ow on wings. The smooth, ordered 
ow, analogous to a

slow 
owing crystal-clear stream, slips by aircraft wings and fuselages with much less friction

and scrubbing than that which accompanies turbulent 
ow, analogous to white-water rapids.

Unfortunately laminar 
ow is often unstable, leading to spontaneous transition to turbulent


ow. Consequently, most aircraft experience turbulent 
ow over nearly their entire surface.

The aerodynamics of turbulence have been studied for a long time, perhaps as far back as

Leonardo da Vinci's observations of turbulent 
ow in water c irca 1500 (see, for example,

Figure 1.2). But the prediction of transition and the simula tion of turbulent 
ow are still

two of the least understood subjects in aerodynamics to thisday.

1
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Figure 1.1: The �rst supersonic airplane, the Bell X-1, as commemorated by the United States
Postal Service 50 years later.

Figure 1.2: A sketch by Leonardo da Vinci of turbulent 
ow caused by pouring water into a
pool. Turbulence and the transition from laminar to turbulent 
ow are, to this day, considered
unsolved subjects of basic research.
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Figure 1.3: E�ect of laminar 
ow on range. Fraction of laminar 
ow on the wing is varied for
a 110,000 lb. corporate jet.
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Figure 1.4: E�ect of laminar 
ow on weight. Fraction of laminar 
ow on the wing is varied for
a trans-Paci�c range corporate jet.

The �ve to tenfold reduction in skin friction drag by maintai ning laminar 
ow is a

powerful incentive to the aircraft designer. Other than for competition class sailplanes,

however, it has so far been a discouraging endeavor. The instability of laminar 
ow and its

sensitivity to small-scale imperfections such as surface waviness and insect contamination

makes it di�cult to design, build and operate laminar 
ow air craft. Studies of active

laminar 
ow control such as surface suction and wall coolinghave been successful, but

active systems add complexity and weight that cut into the bene�ts of laminar 
ow. No

active system has ever been used in a production aircraft, and wings designed to bene�t

from natural laminar 
ow have been relatively few and limite d in extent of laminar 
ow,

especially at high Reynolds number.
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Figure 1.5: E�ect of Mach number on 
at-plate transition Reynolds number, (a), and on
laminar 
ow run, (b), estimated using ane10 method.

In light of this history, supersonic aircraft with laminar 
 ow wings may sound prepos-

terous. Nevertheless, the potential performance bene�ts cannot be overlooked. Figure 1.3

depicts range as a function of laminar 
ow fraction for a large corporate jet 
ying at Mach

1.5. The data is computed with standard low-�delity conceptual design methods. Increas-

ing wing laminar 
ow extent from the 5% typical in today's air craft to 80% can turn a

trans-Atlantic jet into a trans-Paci�c jet. Figure 1.4 is a plo t of weight savings consid-

ering a �xed range of 5000 nautical miles. The empty and takeo� weights both drop to

less than half by increasing the laminar 
ow extent from 10% to 80%. This means that

the fuel required for the trip is also halved. Additionally, since aircraft weight is strongly

correlated with �xed costs, the laminar 
ow aircraft has the potential to be signi�cantly

less expensive to own. Of course, the particular savings depend upon the aircraft design

and its mission. A comparison of a well-designed traditionalsupersonic aircraft with one

that is optimized around laminar 
ow would probably not show such a large advantage to

the laminar 
ow aircraft. But the basic conclusion remains: laminar 
ow can provide a

substantial performance bene�t to supersonic aircraft.

Surprisingly, it turns out to be rather easy to achieve extensive natural laminar 
ow in

supersonic 
ight up to about Mach 3. Compressibility actual ly serves to stabilize a laminar

boundary layer. Figure 1.5(a) shows that the computed transition Reynolds number on an

adiabatic 
at plate grows dramatically as Mach number is increased.� Another presentation

of the same data in panel (b) shows that transition Reynolds number divided by Mach

� Interestingly, this trend does not continue inde�nitely. The t ransition Reynolds number is predicted to
drop above Mach 2 and reach a minimum at approximately Mach 4 or 5 before again i ncreasing. See, for
example, Mack [2] or Arnal [3].
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Figure 1.6: NASA F{104 sublimation test showing extensive laminar 
ow|the lighter colored
area indicates laminar 
ow. Pictured is the underside of the right wing with leading edge at the
top of the �gure, trailing edge on the bottom and fuselage on the right.

number becomes approximately constant above Mach 0.5. Since Re=M is proportional to

the length of laminar run, this means that as the 
ow speed is increased over a 
at plate,

the transition front stops moving forward above Mach 0.5.

In addition to this stabilizing in
uence on the boundary lay er, supersonic 
ow changes

the character of pressure distributions on airfoils. Subsonic 
ows over wings typically involve

large regions of adverse pressure gradients. However aboveMach 1, if the wing sweep is

less than the Mach angle, reasonably strong favorable gradients can be maintained over

the entirety of both wing surfaces. This also serves to stabilize a laminar boundary layer.

Therefore, there is something of a double e�ect|the laminar boundary layer is stabilized

by compressibility itself and by the favorable gradients made possible by supersonic 
ow.

Figure 1.6 is proof of the theory. It is a picture of the lower right wing surface of an F{

104 
own on a NASA laminar 
ow test in 1959 [4]. Laminar 
ow bey ond 50% chord was

achieved at about the3=4 span location. This extent of laminar 
ow is surprisingly good for

an aircraft that was not originally designed for it.
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1.2 Design Challenges

Unfortunately, a supersonic natural laminar 
ow (NLF) airc raft is not easy to design. It is

essentially an attempt to use passive laminar 
ow control by careful design of the aerody-

namic shape. Since e�cient supersonic aircraft are long andthin with wings of low aspect

ratio, their shape design must involve three-dimensional analysis of the entire con�guration.

Simply incorporating a laminar 
ow airfoil, as might be done for low-speed aircraft, is not

su�cient in the supersonic regime.

To take advantage of stabilizing favorable pressure gradients on a wing without su�ering

from the destabilizing spanwise gradients that lead to cross
ow transition, wing sweep has

to be small. Low sweep leads to a string of design issues since, for instance, the wing

would have to be very thin to reduce the wave drag which in turn a�ects the structural

design, available fuel volume and subsonic performance. Low-sweep aircraft can also have

unfavorable sonic boom characteristics. Because low wing sweep has such a dramatic e�ect

on many aspects of the design, there is a strong need to accurately predict transition.

Simplistic and overly conservative transition prediction methods will unfairly penalize a

supersonic NLF design.

Proper tradeo�s between the di�erent disciplines are a key element to the viability of

the supersonic NLF aircraft concept. Designers have no previous experience with such

aircraft and no rules of thumb or intuition to use as guides. This necessitates detailed and

complete multidisciplinary trade studies or numerical optimization to determine the best

compromises between the con
icting aspects of NLF designs.

Because transition is extremely sensitive to pressure distribution, and therefore to the

aircraft shape, integration of transition prediction into the early stages of con�guration

design is necessary. Since the F104 
ight test in 1959, the understanding of boundary-layer

transition and transition prediction methods have improved tremendously, although remain

quite short of being mature. Transition prediction codes are typically research-oriented and

require expert interaction. Consequently, transition prediction is rarely considered at the

early design stages of an aircraft other than the occasionaluse of a laminar 
ow airfoil. In

fact, until now there was no suitable design-oriented methodfor three-dimensional transition

prediction in supersonic 
ow.

1.3 Present Approach

The objective of this thesis is to provide a design-oriented aerodynamic analysis that in-

cludes transition prediction. Design-oriented means that it is suitable for use in trade studies

or in a multidisciplinary design optimization (MDO) framew ork such as the one described
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by Manning [5, 6].

Three-dimensional computational 
uid dynamics (CFD) has become a useful and pop-

ular tool for the aerodynamic analysis and design of aircraft. However, viscous CFD calcu-

lations are still too expensive for MDO at the conceptual design stage. Similarly, complete

boundary-layer stability analyses are generally a full day of work for the experts in the

�eld|not only time consuming, but also very di�cult to autom ate.

The goal of the present aerodynamic analysis is to provide a reasonably accurate cal-

culation of viscous and inviscid drag consistent with the needs of preliminary design opti-

mization. The following three qualities are necessary to achieve this goal:

� su�cient �delity of three-dimensional boundary-layer prope rties to enable transition

prediction,

� robust transition prediction,

� low computational expense.

A fast inviscid 
ow solver coupled with a boundary-layer code is the standard approach

for this type of analysis. A typical strip-theory boundary-la yer calculation does a good job

of calculating skin friction, but does not provide the crucial three-dimensionality necessary

for transition prediction. Integral formulations of the bo undary-layer equations, even if

three-dimensional, are also inadequate because too many assumptions are made about the

cross
ow velocity pro�le. However, �nite-di�erence soluti ons on swept and tapered wings

based on boundary-layer conical 
ow theory (also known as sweep/taper theory) are com-

monly used in transition prediction research. Consequently, the present approach consists

of a quasi-3D boundary-layer solver based on an improved sweep/taper theory.

A typical approach to speeding up and automating transition prediction is to evaluate

a variety of boundary layers with a laminar stability code and create a table lookup or

parametric �t of those results. Although this has been done for incompressible 
ows, there

has apparently not been a prior e�ort to do so for supersonic applications. The present

method utilizes analytical parametric �ts to streamwise and stationary cross
ow instabilities

computed with linear theory. The standard en criterion is then applied to predict transition.

Coupled with an inviscid 
ow solver, such as a linear panel orEuler code, accurate

three-dimensional, transitional, viscous 
ow solutions are e�ciently calculated.

1.4 Thesis Overview

The following chapters cover the speci�cs of the newly developed method and provide exam-

ples of its capabilities in the design environment. In Chapter 2, the quasi-3D boundary-layer

code is described, including the present improvements to sweep/taper theory and results
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of comparisons with fully three-dimensional Navier-Stokes calculations. The comparisons

show excellent accuracy for a fraction of the computationale�ort. Chapter 3 focuses on

the transition calculation methodology. A short overview of transition prediction theory is

presented, then the present transition prediction approach is discussed in detail and results

compared with linear stability codes and with 
ight test dat a. Chapter 4 is an overview of

some optimization techniques that seem useful for this application that include gradient-

based, response surface and genetic algorithm approaches.Chapter 5 presents an example

of how the present method might be used to solve a design problem. Wing/body drag

minimizations are investigated and a discussion of some of the consequences of designing

for laminar 
ow is provided. Finally, conclusions and direction for future research can be

found in Chapter 6.



Chapter 2

Sweep/Taper Boundary-Layer

Analysis

2.1 Introduction

The sweep/taper quasi-3D boundary-layer approach is a methodfor calculating three-

dimensional boundary-layer 
ows over swept and tapered wings with almost as much speed

and ease as a two-dimensional method. It is also sometimes known as the conical 
ow

assumption for swept wings. Such a code is well suited as an aerodynamic analysis in a

multidisciplinary optimization framework where fast execution time is extremely important.

The present sweep/taper method solves the three-dimensional boundary-layer equations

simpli�ed by the approximation that the wing surface isobar s are straight lines lying parallel

to the spanwise generators of the wing (at least locally). Since the 3-D equations are solved,

velocity pro�les for both streamwise and cross
ow directions are calculated as well as the

temperature distribution inside the boundary layer. All bo undary-layer parameters can

then be obtained over the entire surface of the wing.

The drawback of these simpli�cations is accuracy of the solution, particularly near the

wing root and tip and wherever the 
ow over the wing is in
uenc ed by other bodies, such

as a fuselage, nacelles and tip tanks. The present method, however, is improved over the

traditional sweep/taper approach and better resolves the 
ow solution in these areas without

increasing computation time.

This chapter explains the theory behind sweep/taper methods, identi�es the enhance-

ments developed for the present approach, presents the details of the implementation and

provides comparisons with three-dimensional viscous calculations.

9



Chapter 2. Sweep/Taper Boundary-Layer Analysis 10

2.2 The Sweep/Taper Approximation

2.2.1 Introduction

The sweep/taper method was originally put forth by Bradshaw as an extension to the ideas

used for calculating boundary layers on in�nite yawed wings. Sweep/taper simpli�cations

allow the computations to be two-dimensional even though a three-dimensional 
ow �eld

is solved. It applies to semi-in�nite, straight tapered, swept wings with straight isobars

parallel to the spanwise generator lines. Bradshaw, Miznerand Unsworth [7, 8], apply this

simpli�cation to their turbulent boundary-layer code and re port that it runs at approxi-

mately two thirds the speed of their compressible 2-D code. Bradshaw's program does not

compute laminar boundary layers due to the special numerical procedure of the Bradshaw-

Ferriss-Atwell �nite-di�erence method. About a year later, K aups and Cebeci [9] published

a laminar �nite-di�erence boundary-layer program based on similar assumptions. It was

part of a project to predict three-dimensional boundary-layer transition on wings with suc-

tion. Kaups and Cebeci, however, used a slightly di�erent mathematical formulation of the

sweep/taper assumptions which limits their code to wings which have leading- and trailing-

edge sweep angles of the same sign. This is the original conical 
ow code most familiar to

transition prediction researchers. In the mid eighties, Ashill and Smith [10] developed an

extension to Smith's general 3-D integral method that takes advantage of the Bradshaw

sweep/taper theory. This method, however, introduces additional assumptions inherent in

integral methods. The most restrictive assumption is the use of the Mager cross
ow velocity

pro�le which, again, limits the method to cases where the cross
ow velocities do not change

sign.

The present method computes laminar and turbulent boundary-layer 
ows with an im-

proved version of Bradshaw's formulation of the sweep/taper theory. It is therefore not lim-

ited to boundary layers with unidirectional cross
ow which allows calculations on supersonic

NLF con�gurations. It is a combination of Bradshaw's coordi nate transformation with the

numerical formulations and solution methods developed by Cebeci and his colleagues [11].

Since the focus is on laminar 
ow without any separation or even much adverse pressure

gradient, there is no emphasis on cutting-edge turbulence models. The straight-forward

Cebeci-Smith [12] eddy viscosity model is used instead of themore advanced turbulence

models commonly included in modern Navier-Stokes solvers.

After the present code had been completed in 1999 [13], two more variations on the

Kaups-Cebeci concept developed in the early to mid 1990s havebeen brought to the au-

thor's attention: BLSTA by Wie [14] and the Horton-Stock code [15]. The former includes

capability very similar to the Kaups-Cebeci code with improvements to the discretization

scheme and to the calculation of external velocities, but it retains the same restriction
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Figure 2.1: Coordinate system of the in�nite yawed wing (view of wing planform from above).

on cross
ow reversal. Horton and Stock manage to avoid the numerical singularity during

cross
ow reversal by using a modi�ed Levy-Lees transformation of the boundary-layer equa-

tions that also admits conical 
ow. None of these newer codes, however, have implemented

the corrections to sweep/taper theory presented below, norare they able to compute both

laminar and turbulent 
ow.

2.2.2 Mathematical Development

The Bradshaw sweep/taper theory can be developed as follows. In the case of the in�nite

(untapered) yawed wing in incompressible laminar 
ow, it is well known that the boundary-

layer equations become two dimensional in the plane normal to the spanwise coordinate,

with a third, decoupled equation for the spanwise velocity (Prandtl's independence princi-

ple):

cont:
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+
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= 0
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where (u; v; w) and (x; y; z) are the Cartesian velocity components and coordinates in the

streamwise, normal, and spanwise directions, respectively (see Figure 2.1). In the com-

pressible or turbulent case, the equations become coupled,but since the derivatives in the

spanwise direction are zero, the equations are still computationally two dimensional (there

are only two independent variables). After adding taper to the in�nite yawed wing, as

shown by Bradshaw et al. [7], the boundary-layer equations can still be transformed to

remain computationally two dimensional by assuming that the surface isobars are parallel

to the spanwise generators of the wing.
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Figure 2.2: Coordinate system used in sweep/taper boundary layer calculation (view of wing
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Figure 2.3: Graphical depiction of Bradshaw's sweep/taper theory (turbulent case). The view
is a spanwise cross-section through the boundary-layer looking forward. The wing surface is at
the bottom, tip at the right and boundary-layer edge depicted by the oblique line at the top
(exaggerated).

The boundary-layer equations are written in cylindrical coordinates along an arc from

the leading edge to the trailing edge that is perpendicular to both edges and to the isobars

in between (Figure 2.2). The origin of the coordinate systemis where the wing would come

to a point if it were semi-in�nite in span (the virtual vertex) . In this coordinate system,

there is no pressure gradient in the spanwise,z, direction, and all other derivatives in the z

direction can be written in terms of derivatives in the direction normal to the wing surface.

This results in a set of computationally two-dimensional equations. The simpli�cation

comes from noting that along a generator line (constantx), the boundary-layer thickness is

closely proportional to ro for turbulent 
ow [7]. The spanwise derivative of a 
ow quant ity,

@f=@z, can then be rewritten in terms of a wall-normal derivative, (y=r0)@f=@y. Bradshaw's

formula can be viewed as a simple coordinate system rotationthat takes advantage of the
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knowledge that derivatives vanish along a particular direction (refer to Figure 2.3).

Interestingly, Cebeci's [9] approach to this problem is to apply the laminar conical 
ow

similarity transformation to the di�erential equations in stead of rewriting the derivatives

as Bradshaw has done. His transformation is de�ned by the following expression for the

similarity variable &,

d&=
r

we

� e� ero
�dy:

Following the transformation to the new coordinate system,the assumption of spanwise sim-

ilarity allows derivatives with respect to z at constant &to be neglected. The resulting set of

equations become computationally two-dimensional as in Bradshaw's theory. Because the

square root of the spanwise external velocity component,we, appears in the transformation,

Cebeci's code is limited to 
ows wherewe does not pass through zero. Since his transfor-

mation basically says that the 
ow is invariant along lines of constant &, and therefore along

y values proportional to
p

ro (see also Appendix A), there are alternate implementations

that avoid this singularity. The generic transformation fr om a (z; y) coordinate system to

(z; &) involves the following relationships:
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where f , again, is any boundary-layer 
ow variable. The �rst term on t he right-hand

side of Equation 2.1 vanishes because 
ow quantities are invariant along constant &curves.

Expressing & as proportional to y=
p

r or y=r and substituting Equation 2.2 into 2.1 to

eliminate the partial of f with respect to &results in:

@f
@z

=
y

2ro

@f
@y

for laminar 
ow and, (2.3)

@f
@z

=
y
ro

@f
@y

for turbulent 
ow. (2.4)

This alternate method for applying the conical transformation avoids any singularities due to

cross
ow reversal and allows the switching from laminar to turbulent similarity approxima-

tions. Applying these substitutions to the spanwise derivative terms in the boundary-layer

equations result in numerically two-dimensional equationsthat can be solved on a 2-Dx{ y

grid along the arc depicted in Figure 2.2.

The sweep/taper assumption limits, strictly speaking, the isobars to be parallel with

the spanwise generators and thus constrains the lift distribution to a triangle. However, by
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running calculations at several spanwise stations and including some corrections to the basic

theory described below (inx2.3.1), this approach can be used as a quasi-3D calculation that

takes into account the local e�ects of sweep and taper as longas the isobars are reasonably

straight and locally parallel with the generators. Fortunately, it is not uncommon for isobars

to be more or less parallel with the generator lines in both subsonic and supersonic wings

of medium to high aspect ratio.

2.3 Present Program Description

The present code combines an extension of the Bradshaw sweep/taper theory with Cebeci's

solution algorithm for the compressible boundary-layer equations [11]. In brief, the code

solves the continuity, x- and z-momentum, and temperature equations in cylindrical coor-

dinates along the circular arc described above (Figure 2.2). A compressible version of the

Falkner-Skan transformation is �rst applied to the equation s to eliminate the leading-edge

singularity and to align the computational grid with the bou ndary-layer growth. The equa-

tions are then reduced to a set of �rst-order di�erential equations and discretized by the

second-order accurate, implicit Keller box scheme [16]. Thediscrete equations are solved

at each streamwise station by Newton's method. Turbulence is handled in the code with

a 3-D, compressible, Cebeci-Smith eddy viscosity turbulencemodel [17]. The program can

also be used as a laminar front end to Bradshaw's turbulent sweep/taper boundary-layer

program [7] which uses a more sophisticated turbulence model that takes into account lag

and anisotropy in the development of 3-D turbulence.

Transition is estimated by parametric �ts to linear stabili ty data. Boundary-layer pa-

rameters are used to calculate streamwise and cross
ow instability growth rates (see Chap-

ter 3). The rates are integrated into N-factors as the code marches downstream, and tran-

sition is predicted when the N values reach a predetermined level. The turbulence model is

then turned on at that point.

Subroutines are also provided that create mean-
ow �les for two stability codes: the

conical version of COSAL [18] and the 2-D and swept-wing version of LASTRAC [19].

2.3.1 Theory in Detail

The Laminar Flow Equations

The full 3-D, steady, compressible boundary-layer equationsin Bradshaw's cylindrical co-

ordinates of Figure 2.2 are (see Appendix A):

cont:
@�u
@x

+
@�v
@y

+
@�w
@z

�
�w
ro

= 0
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x-mom: �
�

u
@

@x
+ v

@
@y

+ w
@
@z

�
u �

�uw
ro

= �
@p
@x

+
@
@y

�
�

@u
@y

�

z-mom: �
�

u
@

@x
+ v

@
@y

+ w
@
@z

�
w +

�u 2

ro
= �

@p
@z

+
@
@y

�
�

@w
@y

�

temp: �c p

�
u

@
@x

+ v
@
@y

+ w
@
@z

�
T = u

@p
@x

+ w
@p
@z

+
@
@y

�
�

@T
@y

�

+ �

" �
@u
@y

� 2

+
�

@w
@y

� 2
#

:

Applying the sweep/taper assumptions (Equation 2.3 and@p=@z= 0) reduces the above

equations to:

cont:
@�u
@x

+
@�̂v
@y

�
3�w
2ro

= 0

x-mom: �
�

u
@

@x
+ v̂

@
@y

�
u �

�uw
ro

= �
@p
@x

+
@
@y

�
�

@u
@y

�

z-mom: �
�

u
@

@x
+ v̂

@
@y

�
w +

�u 2

ro
=

@
@y

�
�

@w
@y

�

temp: �c p

�
u

@
@x

+ v̂
@
@y

�
T = u

@p
@x

+
@
@y

�
�

@T
@y

�
+ �

" �
@u
@y

� 2

+
�

@w
@y

� 2
#

;

where,

v̂ = v + w
y

2ro
:

Note that the equations are now numerically two-dimensionaland can be solved on a two-

dimensional x{ y grid along a conical arc of constant radius from the virtual vertex of the

swept and tapered wing. Additionally, the equations are parabolic (as they are in 2-D),

and therefore can be solved by marching from the leading edgeto the trailing edge along

the arc. A three-dimensional inviscid 
ow solution is used to specify the external boundary

conditions.

It should be mentioned that in this work, the wings of interest are very thin, typically less

than 4% thickness-to-chord ratio, so they can be treated as essentially 
at in the boundary-

layer formulation. For thicker wings and especially for ones with blunt leading edges, the

computational arc can be taken to be the intersection of the wing surface with a sphere of

radius ro. Then, following Kaups-Cebeci, thex coordinate can be computed by integrating

along that arc:

dx = rod� =
p

d�x2 + d�y2 + d�z2;

where (�x; �y; �z) are Cartesian coordinates de�ning the arc. Kaups and Cebeci give detailed

equations de�ning this arc given leading- and trailing-edgesweeps and airfoil coordinates [9].
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One of the important contributions of this work is the implem entation of external bound-

ary conditions in the present sweep/taper code. Most boundary-layer codes use pressure

coe�cients as the only interface between the inviscid outersolution and the boundary-layer

solution. The Bradshaw-Mizner-Unsworth, Kaups-Cebeci, Horton-Stock and BLSTA codes

all input pressure coe�cients and then calculate external velocities. The method in BLSTA

is slightly improved compared to the others in order to correctly calculate velocities in

supersonic 
ow where isentropic relations no longer apply.

During the development of this code, it was recognized that the three-dimensional exter-

nal 
ow solution that drives the boundary-layer calculation s can provide much more data

than pressure coe�cients. Typically, 3-D panel methods or Euler codes can be used to

solve the inviscid problem, whereas historically, experiments were a common source, with

pressure being the only measured data. Taking advantage of afull three-dimensional ex-

ternal 
ow �eld adds no computational cost, and all the exter nal data can be passed to the

boundary-layer program without making unnecessary assumptions.

In this implementation, in addition to the pressure coe�cie nt, both external velocity

components, ue and we, and the spanwise pressure gradient,@p=@z, are inputs to the

boundary-layer code. The di�culty arising from this approac h is that the pressure and

velocities at the edge will usually not be consistent with the boundary-layer equations. To

absorb the di�erences, correction terms are added to the right-hand side of each equation:

@�u
@x

+
@�̂v
@y

�
3�w
2ro

= �Q (2.5)

�
�

u
@

@x
+ v̂

@
@y

�
u �

�uw
ro

= �
@p
@x

+
@
@y

�
�

@u
@y

�
+ Fx (2.6)

�
�

u
@

@x
+ v̂

@
@y

�
w +

�u 2

ro
= �

@p
@z

+
@
@y

�
�

@w
@y

�
+ Fz (2.7)

�c p

�
u

@
@x

+ v̂
@
@y

�
T = u

@p
@x

+ w
@p
@z

+
@
@y

�
�

@T
@y

�
+ �

" �
@u
@y

� 2

+
�

@w
@y

� 2
#

+ B: (2.8)

The correction terms (or, as some may prefer, source terms) are really just di�erences

between the sweep/taper assumption and the full three-dimensional equations:

Q = �
1
�

�
@�w
@z

�
y

2ro

@�w
@y

�
(2.9)

Fx = � �w
�

@u
@z

�
y

2ro

@u
@y

�
(2.10)

Fz = � �w
�

@w
@z

�
y

2ro

@w
@y

�
(2.11)
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B = � �c pw
�

@T
@z

�
y

2ro

@T
@y

�
: (2.12)

Notice that, at the boundary-layer edge, the derivatives with respect toy vanish leaving only

spanwise derivatives. The corrections can therefore be thought of as non-conical external


ow e�ects propagated into the boundary layer. Also notice t hat these corrections are zero

at a no-slip wall. In the case of Equation 2.9 it is due toy and @w=@zvanishing at the wall,

and for the rest, becausew = 0. This suggests that a reasonable and simple approach is to

model the correction terms linearly within the boundary layer from their edge value to zero

at the wall, except, of course, for the spanwise pressure gradient term which is constant.

The present implementation models these terms almost linearly.

Since the original reason for these correction terms is to keep the equations consistent at

the boundary-layer edge, the present implementation, instead of evaluating Equations 2.9{

2.12, applies the following de�nitions:

� eQe =
@

@x
(� eue) �

� ewe

ro
(2.13)

Fxe = � eue
@ue
@x

�
� euewe

ro
+

@p
@x

(2.14)

Fze = � eue
@we
@x

+
� eu2

e

ro
+

@p
@z

(2.15)

Be = � � ecpue
@Te
@x

� ue
@p
@x

� we
@p
@z

: (2.16)

These are just the present sweep/taper equations evaluatedoutside the viscous region,

where all derivatives of 
ow quantities with respect to y vanish (Equation 2.5 has to be

evaluated with care because ^v needs to be expanded prior to eliminating terms that vanish

outside the viscous layer). These relations are used for tworeasons. First, this formulation

does not require new input quantities such as the spanwise derivatives in Equations 2.9{2.12

which can be di�cult to calculate accurately. And, more impo rtantly, they guarantee that

the discretized equations will remain consistent since thesame discretization scheme can be

applied throughout.

Turbulent Equations

The switch from the variable transformation of Equation 2.3 to that of 2.4 results in the

rede�nition of v̂ to v + w y
r o

. Consequently, the previous equations containing a y
2r o

are

changed to y
r o

except Equation 2.5, which becomes:

@�u
@x

+
@�̂v
@y

� 2
�w
ro

= �Q:
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The remaining di�erences are due to the turbulence model. Thus far, only the Cebeci-

Smith eddy viscosity turbulence model has been implemented[12]. Although Cebeci has

reported success with Bradshaw's turbulence model [20, 8] coupled to his solution algorithm

[21], Bradshaw has said that there was considerable e�ort necessary for that to work. The

trouble is probably due, in part, to the fact that the equatio ns used by Bradshaw are

actually hyperbolic, whereas Cebeci's solution algorithmis designed for parabolic di�erential

equations. The advantage of Bradshaw's model is that it moreaccurately accounts for lag

in the build-up of turbulence as well as modeling anisotropy (important in swept wings).

In fact, the original Bradshaw-Ferriss-Atwell turbulence model is the basis for Green's lag-

entrainment method [22] which is popular with integral boundary-layer codes. The present

code is designed, however, to create an input �le for Bradshaw's sweep/taper program [8] at

the point of transition. In this way, the more advanced turbu lence modeling of the existing

Bradshaw program can be used.

A three-dimensional version of the Cebeci-Smith model is presently implemented. This

is an eddy-di�usivity approach, so it simply adds to the 
uid v iscosity and thermal conduc-

tivity:

� ) � + �� m

k ) k + �c p
� m

Pr t

where � m , the eddy viscosity, is modeled semi-empirically andPr t is the turbulent Prandtl

number. This results in the addition of the following terms to the sweep/taper equations

(Equations 2.6 through 2.8):

x-mom:
@
@y

�
�� m

@u
@y

�

z-mom:
@
@y

�
�� m

@w
@y

�

temp:
@
@y

�
�c p

� m

Pr t

@T
@y

�
+ �� m

" �
@u
@y

� 2

+
�

@w
@y

� 2
#

:

The details of the turbulence model are best explained by Cebeci in one of his textbooks

on compressible boundary layers [11] and in a report on three-dimensional methods [17].

The equations used in the present implementation follow:

� m i = L 2�

" �
@u
@y

� 2

+
�

@w
@y

� 2
#1=2
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� mo = 0 :0168�

�
�
�
�

Z 1

0

hp
u2

e + w2
e �

p
u2 + w2

i
dy

�
�
�
�

� =
�
1 + 5:5

� y
�

� 6
� � 1

L = 0 :4y
h
1 � exp

�
�

y
A

�i

A = 26
�

N
p

�� w
N =

�
1 � 11:8

� w � 2
e

� e� 2
w

p+
� 1=2

p+ = �
� e

� 2
e

�
� w

� w

� 3=2 @p
@x

;

where the eddy viscosity,� m , is the lesser of the inner and outer models,� m i and � mo . And

� , the thickness measured to where the velocity ratio is 0.995, is approximated by yJL , the

y value at the edge of the computational domain.

Transition to Turbulence

Chapter 3 is devoted to the description of a fast and robust transition estimation scheme. It

is based on parametric �ts to linear stability theory where t he parameters are 
ow properties

easily calculated during the boundary-layer solution.

At the station immediately following the point of transitio n, the present implementation

switches from the laminar to the turbulent conical similari ty rule. This is done suddenly

even though turbulence is turned on more gradually. The intermittency factor described by

Cebeci and Bradshaw in [11] (
 tr on page 188) is used in the transition region. The formula

for 
 tr is empirically derived and meant for two-dimensional boundary layers. Nevertheless,

it is implemented in the present three-dimensional method because the numerical solution

is cleaner with such a transitional region rather than with a sudden jump to turbulent 
ow.

This region is relatively short for the high Reynolds numbersupersonic 
ows of interest, so

more accurate modeling is deemed unnecessary.

Chordwise Coordinate Transformation

As is done with 2-D boundary-layer calculations, a similarity transformation is applied to

create a set of equations that are better suited for numerical computation. The previous

sweep/taper codes, however, di�er in their treatment of thi s. The transformation used by

the Kaups-Cebeci and BLSTA codes only scales the variables bythe spanwise coordinate

(to enforce the conical similarity rule). The drawback to th eir approach is that as the

solution is marched along the chordwise coordinate, the boundary-layer thickness grows

dramatically. This means that the numerical grid must be continuously adjusted at each

chordwise station and that 
ows close to the leading edge aredi�cult to resolve. The

Horton-Stock code uses a modi�ed Levy-Lees transformation that scales the variables in

both directions. The spanwise scaling sets conical similarity while the chordwise scaling has

the desirable property of minimizing boundary-layer growth.
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The present method uses a compressible form of the Falkner-Skan transformation in the

chordwise direction (it is equivalent to the Levy-Lees transformation for a 
at plate: the

streamwise, orx coordinate is not transformed.) Unlike the other laminar conical codes, no

spanwise transformation is required beyond those of Equations 2.3 and 2.4. This approach

allows for very simple switching between the laminar and turbulent similarity laws.

For three-dimensional 
ows, the x coordinate is taken as the arc length in the polar

coordinate system of Figure 2.2. This arc collapses to the chordwise direction for taper

ratios approaching unity. Even though the calculated 
ow is not usually self-similar (in

the chordwise direction), the transformed solution variesmuch more subtly, which is a big

advantage for numerical solution algorithms. The similarity transformation does not imply

further approximation to the boundary-layer equations, rat her it may be thought of as just

a stretching of the numerical grid in order to align it with th e boundary-layer growth.

The manipulations used on the equations solved in the present method are described as

follows. First, the continuity equation (2.5) is integrate d:

� v̂ =
Z

�Qdy +
3

2ro

Z
�wdy �

Z
@

@x
(�u ) dy:

And then, for convenience, stream functions are de�ned as

@�
@y

� �u;
@ 
@y

� �w; and
@�
@y

� �Q;

resulting in

� v̂ = � +
3

2ro
 �

@�
@x

: (2.17)

Also, the correction terms are evaluated at the boundary-layer edge,

� eQe =
@

@x
(� eue) �

� ewe

ro

Fxe = � eue
@ue
@x

�
� euewe

ro
+

@p
@x

Fze = � eue
@we
@x

+
� eu2

e

ro
+

@p
@z

Be = � � ecpue
@Te
@x

� ue
@p
@x

� we
@p
@z

;

and propagated into the boundary layer with concocted functions:

Q = Qe(x)hc(y); Fx = Fxe (x)hx (y);

Fz = Fze (x)hz(y) and B = Be(x)hT (y): (2.18)
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Figure 2.4: Schematic of the boundary-layer transformation on a 
at plate.

Now, the compressible Falkner-Skan transformation changesthe variables from (x; y) to

(x; � ) where x = x and � = � (x; y), so the partial derivatives transform according to:

@
@x

)
@

@x
+

@�
@x

@
@�

; and
@
@y

)
@�
@y

@
@�

: (2.19)

The � variable is related to y by

d� =
�

ue

� e� ex

� 1=2

�dy:

This is mainly used to scale the boundary-layer thickness, which approximately varies with
p

x. Dividing the thickness out of the vertical coordinate results in a transformation that

reduces boundary-layer growth even for nonsimilar solutions (see Figure 2.4).

The stream functions are nondimensionalized by

� = ( � e� euex)1=2 f (x; � );  = ( � e� euex)1=2 g(x; � ); and � =
�

� e� ex
ue

� 1=2

q(x; � );

(2.20)

so that we then get

@�
@y

= �u ef 0;
@ 
@y

= �u eg0; and
@�
@y

= �q 0 where prime denotes@=@�:

Substitution with the de�nitions of the stream functions re sults in the following simple

relations (this is the reason for the particular nondimensionalizations of the stream functions
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in Equation 2.20):

u = uef 0; w = ueg0; and Q = q0: (2.21)

To perform the transformation, equations 2.17, 2.18, 2.20 and 2.21 are substituted into the

momentum and energy equations (2.6 through 2.8), and, �nally, everything is operated upon

by relation 2.19. Because the integral ofQ, q, shows up in the equations, it is evaluated as

q =
Z

Qd� = Qe(x)
Z

hc(� )d� = Qe(x)hs(� ); therefore hs �

�Z

0

hc(� )d�: (2.22)

After the variable transformation is complete, with the fol lowing de�nitions:

ma =
x
ue

mb =
x
ro

mc =
we

ue
md = x=(� e� eue)1=2 me = ( � e� eue)1=2

mf =
x
Te

mg =
u2

e

cpTe
mh =

x
ue

Qe mpx =
x

� eu2
e

@p
@x

mpz =
x

� eu2
e

@p
@z

C =
��

� e� e
E =

T
Te

=
� e

�
and l t =

8
<

:
3=2 laminar 
ow

2 turbulent 
ow ;

Equations 2.5 through 2.8 become:�

x-mom:
�
Cf 00� 0+ mahxE

@ue
@x

+ [ mpx (hx � 1) � mbmchx ] E

� mhhsf 00� l t mbf 00g + mbf 0g0+
1
2

f 00f = maf 0@uef 0

@x
� mdf 00@mef

@x
(2.23)

z-mom:
�
Cg00� 0+ mahzE

@we
@x

+ [ mpz(hz � 1) + mbhz] E

� mhhsg00� l t mbg00g � mbf 02 +
1
2

g00f = maf 0@ueg0

@x
� mdg00@mef

@x
(2.24)

temp:
�

C
Pr

E 0
� 0

+ mf hT E
@Te
@x

� mg (mpx + mcmpz) hT E

� mhhsE 0� l t mbE 0g +
1
2

E 0f + mgC
�

f 002 + g002
�

+ mg
�
mpx f 0+ mpzg0� E

= mf f 0@TeE
@x

� mdE 0@mef
@x

: (2.25)

� These equations are written for the laminar 
ow case. Computing turbu lent 
ow requires, apart from

picking the appropriate value of l t , making the substitutions C ) C(1 + e+
m ) or C

P r ) C( 1
P r + e+

m
P r t

), as
appropriate, where e+

m = �e m =� .
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De�ning the derivatives of f , g and E as separate variables:

�u = f 0 (2.26)

�v = �u0 (2.27)

�w = g0 (2.28)

�t = �w0 (2.29)

G = E 0; (2.30)

completes the full set of eight equations (2.23{2.30) to be solved for the eight unknowns (f ,

�u, �v, g, �w, �t, E and G).

Note that if the correction terms are discarded (all h's are zeroed out), ro is set to

in�nity, @p=@xis replaced by � � eue@ue=@x, and the x derivatives on the right hand side

are expanded by the chain rule, then equation 2.23 reduces tothe following:

�
��

� e� e
f 00

� 0

+
1
2

�
1 +

x
ue

@ue
@x

+
x

� e� e

@�e� e

@x

�
f f 00+

x
ue

@ue
@x

�
1 � f 02

�

= x
�

f 0@f0

@x
� f 00@f

@x

�
: (2.31)

This is the momentum equation that Cebeci solves in his 2-D compressible program [11].

The main di�erence between the present discretization and that of Cebeci is the handling

of the various @=@xterms. Cebeci uses a 3-point derivative based on Lagrange polynomials

to evaluate the derivatives of the external 
ow variables, whilst Keller's box method is

used on the right-hand side of Equation 2.31. This inconsistency causes problems with the

present method because thez-momentum equation is normalized byue instead of we. The

external 
ow derivatives no longer match the right-hand side terms near the boundary-layer

edge. Therefore, the present method keeps the external variables inside the derivatives on

the right-hand side, and uses a compatible discretization onthe external 
ow derivatives

appearing on the left-hand side (x2.3.2).

If, in Equation 2.31, the x derivatives of f are set to zero (the right-hand side), then

a similarity solution would result. If, in addition, the den sity and viscosity are made con-

stant (incompressible and isothermal), the equation immediately reduces to the traditional

Falkner-Skan similarity equation. And, if ue no longer depends onx, the familiar Blasius

equation is extracted: f 000+ 1
2 f f 00= 0 :
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Sweep/Taper Corrections

As previously mentioned, the correction terms de�ned by Equations 2.9 through 2.12 are

known at the boundary-layer edge, and are zero at the surface,but are unknown in-between.

The numerical implementation utilizes the functions h(y) in Equations 2.18 which must

equal unity at the boundary-layer edge and zero at the surface. The simplest model that

meets these requirements is a linear one, which was originally implemented (except it was

linear in � as opposed toy). The only di�culty with the linear model is the sudden switc h

to h = 1 outside the boundary layer. Since boundary-layer stability codes often need

the solution to extend well outside the viscous layer, a cubic equation is used to obtain a

smoother curve:

h(� ) =

8
<

:

1
2

� �
6:9

� h
3 �

� �
6:9

� 2
i

for � < 6:9

1:0 for � � 6:9:
(2.32)

The value 6.9 is picked because it generally occurs just inside the laminar boundary-layer

edge and results in similar h(� ) curves to the previous linear model. Ideally, this edge

value would depend on the boundary-layer solution and could vary from station to station.

Although the �xed value approach su�ces for the sharp leadin g-edge supersonic wings of

interest in this thesis, suggestions for improved models are given at the end of this chapter.

The correction term to the continuity equation is handled di �erently. It is described by

hs as de�ned in Equation 2.22. Interestingly, it has been foundthat hs = 0 is a satisfactory

model for several reasons. First,hs determines the 3-D correction to the continuity equation.

Since this equation is not explicitly solved, but is integrated to obtain an estimate for v̂, there

is no numerical inconsistency at the boundary-layer edge necessitating the correction term

(the terms with v̂ in the momentum and energy equations involve a@=@ywhich vanishes at

the edge). On top of this, �nding a reasonable edge value forhs requires detailed knowledge

of hc throughout the boundary layer, which is not available. It is therefore di�cult to say

whether the simple model forhc of Equation 2.32 results in more accurate estimates of ^v or

not. In fact, comparisons with 3-D Navier-Stokes do not favor that model over the simpler

hs = 0 approach.

Boundary Conditions

External Flow Inputs. In all previous sweep/taper codes, the freestream 
ow quantities

and surface pressure coe�cients are the only inviscid 
ow inputs to the boundary layer. The

external velocity components are then calculated with the same sweep/taper/conical 
ow

assumptions of the boundary layer. This is necessary because the external 
ow solution does

not, in general, strictly meet the sweep/taper conditions, resulting in numerical problems

since the 
ow is not a solution to the equations of motion at the boundary-layer edge.
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In the current implementation, the addition of the correcti on terms allows for the direct

input of the external (inviscid) velocities. The solution r emains well behaved because the

extra terms adjust the equations to comply with the external 
ow. In conjunction with

the @p=@zterms, the use of these correction terms improves the accuracy of the solution

when the sweep/taper assumptions are not exactly met, as is veri�ed by comparison with

3-D Navier-Stokes calculations. The separate input of pressure and velocities has the added

bene�t of correctly handling the presence of shocks in the external 
ow.

The present code accepts up to �ve external 
ow inputs at each station along the

chordwise arc of Figure 2.2: the pressure coe�cient,cp, chordwise and spanwise velocity

components,ue and we, and the spanwise pressure gradient,@p=@z. The chordwise pressure

gradient, @p=@x, is calculated from the cp values with three-point Lagrange interpolation,

as is the derivative in the Qe formula.

Numerical Boundary Conditions. The standard boundary conditions for boundary-

layer equations are used. No slip results in �u = �w = f = g = 0 at the surface (the last two

are due to v̂ = 0 in Equation 2.17). The surface boundary condition for the temperature

equation can either be speci�ed as a wall temperature,E = Tw=Te, or as a temperature

gradient, G =
q

� ex
� eue

Ew
Te

@T
@y

�
�
�
w

. And at the external boundary, the conditions are simply

�u = E = 1 and �w = we=ue.

2.3.2 Numerical Method

The numerical method for solving laminar and turbulent boundary layers used in the present

work was �rst applied by Cebeci and associates. The steady boundary-layer equations are

discretized using the so-called Keller box scheme, and the resulting di�erence equations are

solved at eachx station with Newton's method. This is described below.

Drela has also adopted a modi�cation of this scheme in his work [23]. Drela's biggest

change seems to have been made to the Keller box method in order to avoid oscillations

in the boundary-layer solution in the vicinity of shocks in th e external 
ow. In light of

this, the present method may be improved by changing the discretization from the Keller

box method to an implicit three-point backward di�erence scheme as is done in BLSTA

and Horton-Stock. This discretization, a more mainstream approach than Drela's, also

damps streamwise oscillations after sudden changes in the external 
ow such as shock wave

impingement.
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h j
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Center ODEs here

n-1 nkn

Figure 2.5: Graphical depiction of the Keller box scheme: open circles are the grid points, and
the equations are centered about the closed circles by central di�erences or averages, where
appropriate, in both the x and� directions.

Discretization

The second-order Keller box scheme is used to discretize the governing equations [11, 12].

This approach is similar to the Crank-Nicolson scheme exceptthat the equations are �rst

rewritten as a set of �rst-order di�erential equations. The d iscretizations are centered in a

box (with each corner at a node point, see Figure 2.5) via centered di�erence formulas and

arithmetic averages. This permits stretching of the Cartesian grid without losing second-

order accuracy. For instance, Equation 2.26, an ODE, is discretized like this:

f n
j � f n

j � 1

hj
=

�un
j + �un

j � 1

2
: (2.33)

The discretized version of Equation 2.23 is (selected termsshown; the rest are similar):

1
2

"
(C�v)n

j � (C�v)n
j � 1

hj
+

(C�v)n� 1
j � (C�v)n� 1

j � 1

hj

#

+ : : :

+
1
2

(�vf )n
j + (�vf )n

j � 1 + (�vf )n� 1
j + (�vf )n� 1

j � 1

4

= : : : �
1
2

"
mn

d �vn
j + mn� 1

d �vn� 1
j

2

 
mn

e f n
j � mn� 1

e f n� 1
j

kn

!

+
mn

d �vn
j � 1 + mn� 1

d �vn� 1
j � 1

2

 
mn

e f n
j � 1 � mn� 1

e f n� 1
j � 1

kn

!#

: (2.34)
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The Keller box method results in eight di�erence equations relating the unknown quantities

(all eight 
ow variables at the n station) with the known variables (at the n � 1 station).

The momentum and the temperature equations are nonlinear, so this set of 8� JL equations

must be solved by an iterative algorithm (whereJL is the number of points in the boundary

layer|the j , or � , direction).

Solution Algorithm

The boundary-layer equations are solved using the Newton-Raphson method. Since the

equations are parabolic, the solution is marched along the arc in the x direction, and at

each station the unknown quantities are found by Newton iteration.

To use Newton's method, the transformed and discretized equations are linearized by an

implicit di�erentiation procedure to extract the Newton it erates. Taking f as the unknown


ow variables, one Newton iteration is de�ned by the followi ng update: f (i +1) = f (i ) + �f (i ) ,

where f (i +1) is the solution to the linearized 
ow equations. Successiveiterations normally

converge upon the solution to the original nonlinear equations. Representing the nonlinear

equations asBL (f ) = 0, the procedure is to plug in f + �f for f and linearize:

BL
�

f (i +1)
�

= BL
�

f (i ) + �f (i )
�

� BL (f (i ) ) +
@BL(f (i ) )

@f
�f = 0 )

@BL
@f

�f = � BL:

The last step is the most common form of Newton's method, but the second-to-last expres-

sion is more readily applied to large sets of equations. As anexample, Equation 2.33, after

plugging in f + �f and �u + � �u for every occurrence off and �u, respectively, becomes:

�f j � �f j � 1 �
1
2

hj (� �uj + � �uj � 1) = f n
j � 1 � f n

j +
1
2

hj
�
�un

j + �un
j � 1

�
: (2.35)

If the equation had nonlinear terms in it, they would be linearized one by one (for example,

a �uf would be substituted with �u�f + f � �u + �uf ). However the variables at station n � 1

are known quantities, so those do not get substituted. Applying these rules to a few terms

of the x-momentum equation (Equation 2.34) results in:

1
hj

�
Cn

j �v j + ( v@C=@E)n
j �E j � Cn

j � 1�v j � 1 � (v@C=@E)n
j � 1�E j � 1

�
+ : : :

+
1
4

�
�vn

j �f j + f n
j � �vj + �vn

j � 1�f j � 1 + f n
j � 1� �vj � 1

�
+ : : :

+
1

2kn

�
mn

dmn
e (�vn

j �f j + f n
j � �vj + �vn

j � 1�f j � 1 + f n
j � 1� �vj � 1)

� mn
dmn� 1

e (f n� 1
j � �vj + f n� 1

j � 1 � �vj � 1)

+ mn� 1
d mn

e (�vn� 1
j �f j + �vn� 1

j � 1 �f j � 1)
i

= rF ; (2.36)
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whererF contains the left-hand-side terms of Equation 2.34 subtracted from the right-hand

side terms, all multiplied by two.

This procedure is applied to the full set of sweep/taper equations to create a new set

of discretized and linearized equations. The new versions of the ordinary di�erential equa-

tions 2.26{2.30 are:

�f j � �f j � 1 �
1
2

hj (� �uj + � �uj � 1) = rA j (2.37)

� �uj � � �uj � 1 �
1
2

hj (� �vj + � �vj � 1) = rB j (2.38)

�g j � �g j � 1 �
1
2

hj (� �wj + � �wj � 1) = rCj (2.39)

� �wj � � �wj � 1 �
1
2

hj (� �t j + � �t j � 1) = rD j (2.40)

�E j � �E j � 1 �
1
2

hj (�G j + �G j � 1) = rE j ; (2.41)

where rA is the right-hand side of Equation 2.35 and the remaining right-hand sides, rB

through rE , are similarly de�ned. The momentum and energy equations (2.23{2.25) are

written in the following form, again with all right-hand side terms de�ned analogously to

rF in Equation 2.36:

s1j � �vj + s2j � �vj � 1 + s3j �f j + s4j �f j � 1 + s5j � �uj + s6j � �uj � 1

+ s7j � �t j + s8j � �t j � 1 + s9j �g j + s10j �g j � 1 + s11j � �wj + s12j � �wj � 1

+ s13j �E j + s14j �E j � 1 + s15j �G j + s16j �G j � 1 = rF j (2.42)

� 1j � �vj + � 2j � �vj � 1 + � 3j �f j + � 4j �f j � 1 + : : : + � 15j �G j + � 16j �G j � 1 = rGj (2.43)

� 1j � �vj + � 2j � �vj � 1 + � 3j �f j + � 4j �f j � 1 + : : : + � 15j �G j + � 16j �G j � 1 = rH j : (2.44)

The Newton iterates (� terms) are sought for all j 's at eachn station. Since all the equations

have been linearized with respect to the iterates, this is just a standard linear system of

equations.

To complete the top and bottom parts of the matrix equation, t he boundary conditions

must also be linearized by the same procedure. Using 0 as the subscript at the wall, and

JL for the outer edge of the boundary layer, the boundary conditions become:

� �u0 = � �w0 = �f 0 = �g0 = � �uJL = �E JL = 0

� �wJL =
wn

e

un
e

� �wn
JL ;

and �E 0 = 0 if the wall temperature is speci�ed, or �G 0 � Âew�E 0 = ÂewE n
0 � Gn

0 if the
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temperature gradient is speci�ed, whereÂew =
q

� n
e xn

� n
e un

e

1
T n

e

@T
@y

�
�
�
n

0
.

The complete 8� 8 block tridiagonal matrix equation can now be written:

2

6
6
6
6
6
6
6
6
6
4

A0 C0 0 0 0 0

B1 A1 C1 0 0 0

0 B2 A2 C2 0 0

0 0
. . . . . . . . . 0

0 0 0 BJL � 1 AJL � 1 CJL � 1

0 0 0 0 BJL AJL

3

7
7
7
7
7
7
7
7
7
5

0

B
B
B
B
B
B
B
B
B
@

�U 0

�U 1

�U 2
...

�U JL � 1

�U JL

1

C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
@

R0

R1

R2
...

RJL � 1

RJL

1

C
C
C
C
C
C
C
C
C
A

: (2.45)

Some care in the arrangement of Equations 2.37 through 2.44, the boundary conditions

and of the unknown variables to form the matrix equation is necessary to avoid a singular

A0 block. The present implementation is as follows (shown for the laminar equations;

turbulence models �ll in some of the missings, � and � coe�cients):

Uj =
�

�vj f j �uj gj �wj t j E j Gj

� T

Rj =
�

rF j rGj rH j rA j rCj rB j +1 rD j +1 rE j +1

� T

A j =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

s1j s3j s5j s9j s11j 0 s13j 0

0 � 3j � 5j � 9j � 11j � 7j � 13j 0

� 1j � 3j � 5j � 9j 0 � 7j � 13j � 15j

0 1 � hj =2 0 0 0 0 0

0 0 0 1 � hj =2 0 0 0

� hj +1 =2 0 � 1 0 0 0 0 0

0 0 0 0 � 1 � hj +1 =2 0 0

0 0 0 0 0 0 � 1 � hj +1 =2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

B j =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

s2j s4j s6j s10j s12j 0 s14j 0

0 � 4j � 6j � 10j � 12j � 8j � 14j 0

� 2j � 4j � 6j � 10j 0 � 8j � 14j � 16j

0 � 1 � hj =2 0 0 0 0 0

0 0 0 � 1 � hj =2 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5
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Cj =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

� hj +1 =2 0 1 0 0 0 0 0

0 0 0 0 1 � hj +1 =2 0 0

0 0 0 0 0 0 1 � hj +1 =2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

;

except for the boundary values of the right-hand side and the main diagonal blocks:

R0 =
�

0 0 0 0 R̂ r B 1 rD 1 rE1

� T

RJL =
�

rFJL rGJL rH JL rA JL rCJL 0 ( �wn
JL � wn

e =un
e ) 0

� T

A0 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 Â2 Â1

� h0=2 0 � 1 0 0 0 0 0

0 0 0 0 � 1 � h0=2 0 0

0 0 0 0 0 0 � 1 � h0=2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

AJL =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

s1JL s3JL s5JL s9JL s11JL 0 s13JL 0

0 � 3JL � 5JL � 9JL � 11JL � 7JL � 13JL 0

� 1JL � 3JL � 5JL � 9JL 0 � 7JL � 13JL � 15JL

0 1 � hJL =2 0 0 0 0 0

0 0 0 1 � hJL =2 0 0 0

0 0 � 1 0 0 0 0 0

0 0 0 0 � 1 0 0 0

0 0 0 0 0 0 � 1 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

;

where, for speci�ed wall temperature, R̂ = Â1 = 0 and Â2 = 1, and, for speci�ed tempera-

ture gradient, Â1 = 1, Â2 = � Âew and R̂ = ÂewE n
0 � Gn

0 .

To solve the matrix equation, a standard block tridiagonal solver is utilized with an

LU decomposition method to solve the individual 8� 8 block inversions. There has been

no attempt to optimize the algorithm to take advantage of the structure of the blocks,
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especially the sparsity of Cj . Additionally, a complete linearization of even the Cebeci-

Smith turbulence model introduces terms outside of the tridiagonal regions. Those terms,

therefore, are neglected along with the remaining contribution of the eddy viscosity to the

Jacobian (convergence is acceptable without linearizing the turbulence model so it is not

worth the work involved in �nding a consistent approximatio n for only some of the terms).

The matrix equation is solved for each Newton iteration and the 
ow variables at the

n position are updated by the Newton iterate until convergence is achieved. If, however,

it is found that the boundary layer has grown beyond the numerical grid ( f 00or g00values

are too large at the top of the grid), then some points are added to the grid with their


ow variables set to edge values and the Newton iterations are restarted. This is where the

Falkner-Skan transformation really helps to save computations by limiting the growth of

the boundary layer in the transformed coordinates.

The convergence criterion is based on the magnitude of� �v and � �t (the normalized

velocity derivative Newton iterates) at the wall. The Newto n iterations continue until those

values are both less than 10� 5 for laminar 
ow and less than 0.5% of the wall velocity

derivatives for turbulent 
ow. The solution is not converge d as tightly for the turbulent

case because some derivatives of the eddy viscosity model are neglected in the left-hand

side of Equation 2.45 (Cebeci's codes do the same thing, and his convergence criterion is

set at 2%). Details of the boundary-layer 
ow are not necessary once it has transitioned to

turbulence, so the looser convergence is deemed acceptable.

The starting solution for the Newton iterations at each station is derived from the

solution at the previous station. In two dimensions, the solution at the previous station

itself is used. For three-dimensional solutions, it is foundthat approximately preserving

the cross
ow velocity pro�les results in a better initial gu ess and improves the rate of

convergence. The variablesf , �u, �v, E and G are passed from the previous station as the

initial guess for the current station. The remaining variables are computed as follows:

gn =
�

un� 1
e

un
e

gn� 1 �
wn� 1

e

un
e

f n� 1
�

un� 1
e

un
e

V n

V n� 1 +
wn

e

un
e

f n� 1

�wn =
�

un� 1
e

un
e

�wn� 1 �
wn� 1

e

un
e

�un� 1
�

un� 1
e

un
e

V n

V n� 1 +
wn

e

un
e

�un� 1

�tn =
�

un� 1
e

un
e

�tn� 1 �
wn� 1

e

un
e

�vn� 1
�

un� 1
e

un
e

V n

V n� 1 +
wn

e

un
e

�vn� 1

where V =
p

u2
e + w2

e.

The �rst station at the wing leading edge solves a similarity problem. The similarity so-

lution comes from zeroing out all derivatives with respect to the x coordinate in the momen-

tum and energy equations (the right-hand sides of Equations 2.23 through 2.25). Because
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of the present discretization scheme, this method results in something like a compressible

Blasius 
at-plate solution at the leading edge (which, in supersonic 
ow, corresponds to

straight wedge 
ow). It may be more accurate to solve a similarity solution with a pressure

gradient, but this detail seems to make no discernible di�erence in the �nal result. Com-

parisons on sharp-edged airfoils and even on blunt noses suggest that the boundary-layer

solution is not very sensitive to this initial condition (af ter all, the thickness is zero at this

station and the boundary layer is growing at a very high rate). The initial guess to start

the iterations at the leading edge are put together from cubic polynomials describing the

velocity and temperature pro�les. These polynomials are formulated to match most of the

boundary conditions.

2.4 Results

The present code has been compared with other boundary-layermethods and with Navier-

Stokes solutions. Some of those comparisons are presented here, starting with two-dimen-

sional results. Plotted in Figure 2.6 are the boundary-layerparameters that are particularly

important for transition prediction. The comparisons are between the present method, a

compressible 2-D code by Cebeci [11], BLSTA in 2-D mode [14], and the Navier-Stokes solver

ARC2D [24]. The solutions are for a 4% thick biconvex airfoil at Mach 1.8 and about 50

million chord Reynolds number. All of the boundary-layer codes are driven with an inviscid

solution calculated using shock-expansion theory (see Appendix F), and ARC2D is run with

the Roe dissipation scheme for approximately 30,000 iterations. BLSTA and ARC2D were

run by A. Goodsell. A discussion of the di�culty in getting Na vier-Stokes solutions for

laminar boundary layers at these 
ight conditions can be found in her thesis [25].

The two-dimensional comparisons in Figure 2.6 are, in general, quite good. The biggest

discrepancy is in the shape factors calculated by BLSTA compared to the other codes.

The reason for this has not been thoroughly investigated. Perhaps the numerical method

in BLSTA requires a �ner grid than the other boundary-layer co des or the convergence

criterion is not tight enough. The remaining di�erences are quite small. ARC2D does have

di�culty converging the temperature distribution, partic ularly near the trailing edge, which

results in the slight disagreement in the temperature ratio and in the shape factor. This

does not, however, a�ect the kinematic shape factor, which agrees remarkably well with the

present method.

Three-dimensional comparisons of laminar 
ow calculationsover the wing studied by

Agrawal, Kinard and Powell [26] are quite promising. All data are for the upper surface

near the mid semi-span of the trapezoidal planform wing at 4 degrees angle of attack, Mach

2 and 40,000 feet (Figure 2.7). One of the parameters that is astrong driver of cross
ow
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Figure 2.6: Comparison of present method vs. ARC2D, BLSTA and a 2-D Cebeci code. Plotted
are displacement and momentum thicknesses, shape factor, kinematic shape factor and wall to
edge temperature ratio on a biconvex airfoil at Mach 1.8.
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Figure 2.7: Overhead view of Agrawal wing planform with dimensions|the leading edge is at
the top. Airfoil is parabolic biconvex, 5% thick.
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ow velocity pro�le showing velocity and length scales used to
de�ne the cross
ow Reynolds number.
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Figure 2.9: Cross
ow Reynolds number: BLSTA and present sweep/taper method compared
to 3-D Navier-Stokes.

transition is the cross
ow Reynolds number. It is written us ing the maximum cross
ow

velocity and a cross
ow thickness (see Figure 2.8):

Rcf =
� ejwmax j� cf

� e
:

Figure 2.9 shows the cross
ow Reynolds number calculated using BLSTA in conical 
ow

mode, the present method with and without correction terms (Equations 2.13 through 2.16)

and CFL3D [27], a Navier-Stokes solver using the third-order Roe dissipation scheme. The

present sweep/taper approach is in remarkable agreement with Navier-Stokes when the

correction terms are used. Figure 2.10 presents the velocity pro�les for two chordwise

stations from the same calculation. These clearly show the S-shaped cross
ow velocity

pro�le near the trailing edge which most previous conical methods cannot compute (BLSTA

quits at about 63% chord in this example).

The Agrawal study, it should be mentioned, did not emphasizean important di�culty

that can arise while analyzing sharp-edged airfoils. The BLSTA and its predecessor, the

Kaups-Cebeci code, both expect the swept wing boundary layerto begin at an attachment

line. The present sweep/taper method, written particularl y for analyzing sharp airfoils,
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Figure 2.10: Velocity pro�les: streamwise pro�le at left, cross
ow pro�le at right, 56% chord
location at top, and 92% chord location at bottom.

assumes a perfectly sharp leading edge. In reality, there isalways some bluntness in any

manufactured wing, but both methods should lead to the same answer if the leading edge

is sharp enough, which they do, but it takes great care (x3.4.2 provides more details about

this). The BLSTA calculations in Figure 2.9 are driven by a pressure distribution that

simulates a small radius blunt leading edge instead of modifying the source code to accept a

sharp leading edge starting condition. The pressure distribution starts from the attachment

line value, then a slight over-expansion occurs, followed bya compression back to the sharp-

edged biconvex values similar to those calculated by Goodsell [25]. Without su�cient

stations in the blunt area, the edge velocities are not correctly calculated and the resulting

boundary-layer solution can be rather inaccurate with arti� cially high cross
ow throughout

the wing.

Figure 2.11 depicts temperature pro�les in the middle of theAgrawal wing as computed

by CFL3D and the present method. Notice that the Navier-Stokes calculation required

about 10,000 iterations to converge to the correct wall temperature compared to 1000 itera-

tions for converged lift and drag values. The slow convergence of Navier-Stokes temperature
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Figure 2.11: Temperature pro�le showing slow convergence of N-S calculation.

pro�les in these high Reynolds number laminar boundary layers has been observed in two-

dimensional calculations as well [25]. It typically takes an order of magnitude more itera-

tions to achieve temperature convergence compared with theusual CL or CD convergence

criteria|two processor-weeks on a 195 MHz SGI Origin in this c ase. Because temperature

strongly in
uences the stability of Tollmien-Schlichting w aves, full Navier-Stokes solutions

must be highly converged to be useful as mean 
ows in stability calculations. For this

reason, the speed advantage of the present sweep/taper method over 3-D Navier-Stokes is

quite large. The two weeks of run-time can be shortened to about 12 seconds on that same

computer.

Also for the Agrawal wing, the coe�cient of friction in the fr eestream direction is com-

pared between the present sweep/taper method and 3-D Navier-Stokes in Figure 2.12. The

agreement is quite good, con�rming that the present sweep/taper method can calculate

friction drag accurately on similar wings at supersonic 
ight speeds.

On a typical supersonic natural laminar 
ow wing, the cross
 ow Reynolds number is

compared with CFL3D at two spanwise stations in Figures 2.13. (Wing geometry and

freestream conditions: � le = 16:67� ; � te = � 29:07� ; b=2 = 23:15f t:; c r = 25:32f t:; c t =

5:52f t:; M 1 = 1 :5; Alt = 45; 000f t: ) This example illustrates the importance of the

correction terms in sweep/taper calculations. If the 
ow were truly conical over this wing,
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Figure 2.12: Skin friction coe�cient: sweep/taper vs. Navier-Stokes.

then the data at the two span stations would fall nearly on top of each other. In fact, running

the sweep/taper calculation without the correction terms results in very similar values ofRcf

for the inboard and outboard stations until about 60% chord. In this example, however,

the external 
ow is not conical. The wing root in
uence viola tes the strict conical 
ow

assumption as can be seen by comparing the isobars and Mach lines depicted in Figure 2.13

with the chordwise position where the cross
ow Reynolds number begins a steep growth

in the inboard calculation. This case clearly shows that thepresent sweep/taper method

does account for variations in spanwise 
ow properties thatviolate the strict sweep/taper

or conical 
ow assumptions.

Analysis of low aspect ratio wing, well below that at which sweep/taper theory is ex-

pected to be accurate, has been compared with Navier-Stokes.The cross
ow Reynolds

number is plotted in Figure 2.14 showing good agreement for such an extreme case. The

boundary layer is solved along 6 spanwise arcs, and, for comparison, the values of cross
ow

Reynolds number computed with Navier-Stokes are evaluated along those same arcs.

The cross
ow Reynolds number on a wing/body con�guration is also compared in Fig-

ure 2.15. Again, both the Navier-Stokes and sweep/taper solutions are presented on the

same set of arcs; 12 are used in this comparison. The slight choppiness evident in the �gure

is an artifact of the interpolation between these arcs|it is not part of the physical solution.
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Figure 2.13: Cross
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Figure 2.14: Cross
ow Reynolds number on a 2% thick, Mach 1.8 low aspect ratio wing.
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Figure 2.15: Cross
ow Reynolds number on a wing/body con�guration at Mach1.5.

These examples illustrate that the present method can be used to calculate the entire 3-

D boundary layer (including resolution of root and tip e�ect s) by interpolating values from

several spanwise stations. The results of drag computed with the present method applied at

six spanwise locations on both upper and lower surfaces of the Agrawal wing is summarized

in Table 2.1. The laminar results are in nearly perfect agreement with Navier-Stokes. The

turbulent drag �gures are also quite close when taking into account that di�erent turbulence

models are used (Cebeci-Smith in the sweep/taper calculations and Spalart-Allmaras in

CFL3D). The pressure component of drag in the comparison also suggests that at the 
ight

conditions of a typical supersonic NLF aircraft, the wing boundary layer is thin enough not

Laminar Skin Friction Pressure
3-D Navier-Stokes 0.00043 0.01923

Euler + Sweep/Taper 0.00044 0.01919

Turbulent Skin Friction Pressure
3-D Navier-Stokes 0.00362 0.01931

Euler + Sweep/Taper 0.00356 0.01919

Table 2.1: Wing drag coe�cients: Sweep/taper vs. Navier-Stokes on the Agrawal wing for
100% laminar and 100% turbulent computations.
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to require iterative viscous-inviscid coupling, a further time savings.

2.5 Summary and Future Improvements

The present sweep/taper method agrees very well with three-dimensional Navier-Stokes

calculations at a fraction of the computational cost. It is also the case that the tradi-

tional sweep/taper or conical 
ow approximation is not near ly this accurate. The three-

dimensional corrections in the present method are important contributions that permit

accurate computation of boundary-layer cross
ow behavior.

One potential improvement of the method involves modi�cati on of the discretization

of the equations. The Keller box method used here is known to allow odd-even point

oscillations in the solution. This is generally not a problem unless there is a sudden change

in the external 
ow quantities. Unfortunately, a shock wave impinging on the surface is a

common cause of such a jump in the 
ow. The BLSTA and Horton-Stock codes utilize a

three-point backward-di�erence formula to discretize the streamwise derivatives. A similar

scheme can be applied to the present code, although care mustbe taken not to allow too

much numerical dissipation to be introduced. Many common Navier-Stokes discretization

schemes generate too much numerical dissipation to accurately resolve the high Reynolds

number supersonic boundary layers of interest in this work.

Some investigation into further improved sweep/taper correction terms is probably

worthwhile. The de�nition given in Equation 2.32 for h(� ) is a bit too in
exible when

it comes to general boundary-layer solutions. As previouslymentioned, this function must

vanish at the surface and equal unity at the boundary-layer edge. A more general implemen-

tation would at least need to �nd the boundary-layer edge for each station and scaleh(� )

accordingly (for example, blunt leading-edge solutions require this). Rather than a simple

polynomial curve for h(� ), it is also reasonable to choose some function of the boundary-

layer itself. For instance, the edge-normalized velocity pro�le meets the requirements of an

h function while retaining smoothness and naturally reaching unity at the boundary-layer

edge. The only drawback is that atypical velocity pro�le shapes may have undesirable e�ects

on the correction terms|this would need to be investigated. Note that if the h functions

are allowed to depend on the solution itself, their derivatives with respect to 
ow variables

should be entered into the Jacobian of the Newton method solver.

Another small improvement can be made in the solution algorithm. Some speed and

numerical e�ciency bene�t can be extracted by using sparse matrix algebra in place of the

standard block tridiagonal solution algorithm. The Cebeci 2-D codes [11] are programmed

in such a way. The block matrices in those solvers are signi�cantly smaller since they are

2-D boundary-layer codes and they solve the momentum and energy equations sequentially,
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as if they were a decoupled set. The linear algebra is more complicated for the present

code, and the potential bene�ts are reasonably small with the current computational power

available (in contrast to how it was when Cebeci originally developed his solution method).

Finally, a possibly interesting future development of the sweep/taper idea is an extension

to general wing planforms. It seems possible that a similar quasi-3D approach could be

developed that is not limited to wings with straight sweep and taper. The boundary-layer

equations would be simpli�ed according to a modi�ed or approximate similarity law and

integrated along curvilinear paths that lie perpendicular to the local generator lines. The

idea is to use such a procedure on wing planforms with curvature in the leading and trailing

edges and then apply it as a local approximation to more general planforms. Unless an

elegant approach is found, however, this type of extension is unlikely to be favored over a

full three-dimensional boundary-layer or parabolized Navier-Stokes solver.



Chapter 3

Transition Prediction Methodology

Transition is one of the most poorly understood aspects of 
uid dynamics. However, reason-

able semi-empirical methods exist that can capture the general behavior of the transition

front. One of the most common of such methods is linear stability theory and the en

transition criterion. The en method is the basis of the current work.

This chapter includes a description of the physical phenomena that cause transition

and the theoretical methods used to calculate them. Additionally, the current transition

prediction methodology is described in detail and substantiated with comparisons to theory

and experiments. It is important to remember the emphasis ofthe present method. It is not

a new transition prediction theory, but rather a substantia l improvement in design-oriented

transition prediction capabilities.

3.1 Introduction to Boundary-Layer Transition

Transition to turbulence in a boundary layer is normally caused by growing disturbances

in the laminar boundary layer. These 
ow disturbances are initiated mainly by surface

contamination, roughness or undulations, mechanical and acoustic vibrations and by shock

waves or turbulence in the freestream 
ow. The disturbancesstart out as small, periodic

perturbations to the mean 
ow, then grow or decay depending upon the characteristics of

the boundary-layer velocity and temperature pro�les. At �rs t, when the disturbances are

small, their behavior is similar to sinusoidal plane waves and can be described by linearized

perturbation equations. As the unstable modes grow in amplitude, nonlinear interactions

become dominant. Following the nonlinear growth, these laminar disturbances begin to

spurt out intermittent spots of turbulence which spread and eventually merge together

resulting in a fully turbulent boundary layer. However if th e initiating 
ow disturbances

are large enough, the linear growth portion of the process can be bypassed entirely and the

43
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laminar 
ow breaks down almost immediately. Trip dots and st rips used in wind tunnel

testing and on model glider wings as well as the famous dimples on golf balls are examples of

this immediate nonlinear breakdown to turbulence by the mechanism aptly named bypass

transition. A good discussion of the physics of transition can be found in White [28].

Laminar instabilities are classi�ed into many di�erent typ es. There are Tollmien-

Schlichting waves, G•ortler vortices, attachment line instabilities and cross
ow vortices to

name a few. Tollmien-Schlichting (TS) waves were the �rst to be described with theory.

Lord Rayleigh derived the equation for the inviscid, linearized form of these disturbances in

the late nineteenth century. In the late 1920s and early 1930s, W. Tollmien and H. Schlicht-

ing independently performed the �rst calculations that inc luded viscous terms, e�ectively

developing the �rst practical boundary-layer stability the ory. However, their work was not

well received until a later experimental demonstration at the National Bureau of Standards

by G. Schubauer and H. Skramstad. These classic wind tunnel tests were conducted in the

early 1940s but the work was not declassi�ed until 1947 [29].

First mode Tollmien-Schlichting instabilities dominate tr ansition up to about Mach

3.5 in two-dimensional 
ows. TS instabilities are periodic plane waves that travel in the

boundary layer along the streamlines but slower than the external 
ow. In two-dimensional

cases, at subsonic speeds, the most unstable TS modes are two-dimensional themselves,

whereas in supersonic 
ows the most unstable TS waves are actually oblique to the 
ow

direction even for purely two-dimensional geometries [2]. In three-dimensional 
ows, TS

waves are frequently called streamwise instabilities since their behavior is strongly dependent

on the streamwise velocity pro�les of the boundary layer.

G•ortler vortices are a form of centrifugal boundary-layer instability present only on

concave surfaces and are similar to Taylor vortices which occur in the Couette 
ow between

rotating cylinders [30, 28]. They are caused by the balance between centrifugal force and

pressure gradient normal to the curved surface. In the case of a boundary layer on a

concave surface, this balance is an unstable one that supports the growth of counter-rotating

streamwise vortices. The airfoils in this research do not contain concave sections, therefore

G•ortler instabilities are not considered in the transitio n analysis. Obviously, they would

have to be added to the analysis, perhaps with some investigation of their mutual in
uence

on cross
ow vortices, if concave airfoils become a consideration.

Attachment line instabilities are usually present in 
ows g eometrically similar to swept

cylinders, such as a swept blunt leading edge of a wing. The attachment line can carry

turbulence present in the fuselage boundary layer or wing/fuselage faring, or it can tran-

sition due to its own laminar instabilities. The attachment line becomes more stable with

decreasing leading-edge radius and sweep angle. Since the present NLF aircraft design in-

volves relatively low-sweep wings with reasonably sharp leading edges, the attachment line
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is not expected to be a concern (seex3.4.2).

Cross
ow vortices can be split into two categories: stationary cross
ow and traveling

cross
ow. Both types of cross
ow instabilities arise in situations where the external 
ow is

not perpendicular to the isobars, as is the case for swept wings. The resulting shear in the

boundary layer perpendicular to the external 
ow excites co-rotating vortices that are nearly

parallel to the 
ow direction. The stationary vortices rema in �xed to the surface, whereas

the traveling vortices propagate in a direction perpendicular to the external 
ow (spanwise

for a swept wing). For the special case of swept-wing cross
ow-induced transition, traveling

modes seem to trigger transition when a high freestream turbulence level is present, such

as in a wind tunnel, whereas stationary modes are prominent in atmospheric 
ight [31, 32,

33, 34].

The conclusion of this discussion is that the dominant typesof laminar instabilities for

sharp, swept, convex-airfoil aircraft wings in atmospheric
ight are TS waves and stationary

cross
ow vortices. Consequently, transition prediction for this research is based on the

calculated growth of these two types of instabilities.

3.2 Transition Analysis Overview

A complete analysis of transition can really only be done with direct numerical simulation

(DNS). However, as in the computation of turbulence, DNS is limited to very small Reynolds

numbers due to the enormous computational requirements. Even so, knowledge of the

factors that originally excite these instabilities is incomplete|the initial and boundary

conditions for the DNS. In the case of an airplane wing, it is di�cult to pin down a complete

picture of the conditions: the freestream turbulence, acoustic energy both in the 
ow and

in the structure, microscopic details of the surface shape,surface �nish and contaminants.

Receptivity, the response of laminar modes to various disturbances, is an active area of

research. Although rules of thumb and empirical results from receptivity analysis and

experiments can be very useful, a detailed receptivity analysis is not reasonable to integrate

into the conceptual and preliminary design process.

The solution of stability equations represents a step down from the brute force DNS

approach. These equations are a form of the Navier-Stokes equations after subtracting

out the steady mean 
ow terms, leaving just the description of the unsteady disturbances.

The signi�cant advantage is that with relatively few assumptions, the stability equations

can be manipulated to allow e�cient numerical solutions. Since one of the approximations

results in partial di�erential equations with parabolic ch aracter, the equations are known

as the parabolized stability equations (PSE). The simplifying assumptions mainly involve a

description of the perturbations to the mean 
ow as periodic phenomena characterized by
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a slowly varying amplitude function and rapidly varying wav e behavior. The basic idea is

that the oscillatory portions are transformed by Fourier series, leaving just the amplitude

function to solve. Since the amplitude, or shape function, varies slowly in the streamwise

direction, much less computational resolution is requiredto capture an accurate solution

compared with the DNS technique. Additionally, a careful choice for the decomposition of

the solution into the wave and shape functions allows some terms to be neglected, resulting

in parabolic equations that can be solved with e�cient space marching schemes. Further

details can be found in papers by Malik, Chang and Li [35, 36].The accuracy of the solution

is excellent because laminar instabilities conform nicelyto the simplifying assumptions in

the PSE, especially the nonlinear form of the PSE [37].

Although the PSE provide a practical method with today's computers to calculate

laminar instabilities, there are drawbacks. For transition caused by streamwise Tollmien-

Schlichting waves it is widely accepted that PSE is not necessary since linear stability theory

(LST, described below) provides good transition prediction capabilities [3]. For the other

dominant mode in swept wings in atmospheric 
ight|stationa ry cross
ow vortices|it is

thought that LST is adequate if the transition amplitude is e mpirically found for similar

geometries [38, 33]. Additionally, it is not simple to predict transition for the stationary

cross
ow mode using PSE because the cross
ow vortices themselves do not cause transition

directly, but rather saturate and allow a secondary instability to grow which then triggers

transition. This means that yet another stability code is used to calculate the growth of this

secondary instability and an n-factor correlation is then applied. There is some indication,

however, that this secondary instability code may not be required for the high Reynolds

number supersonic cases since the 
ow may transition beforethe cross
ow vortices reach

saturation [39]. Another drawback is that the nonlinear PSE require as inputs initial con-

ditions describing the birth of the laminar instabilities w hich are not generally available.

Frequently, when detailed experimental 
ow �elds are not kn own, the PSE solutions are

started from mode shapes derived using LST.

LST, on the other hand, is well suited for this work. It can be used as an entirely self-

contained, though approximate, transition prediction method without requiring extensive

knowledge of initial conditions. The main drawback is that the numerical procedures are

poorly suited towards optimization. This is because LST solvers need to be run interactively,

with an expert user that has to monitor results, discard non-physical solutions, modify

inputs, and help the solver along in some cases. Otherwise, LST solvers are reasonably fast,

can accommodate the high Reynolds number 
ows in this study and do not require special

starting procedures. It is true that LST does not provide as detailed a description of the

physical 
ow disturbances as PSE, however that is not alwaysan advantage for transition

prediction at the conceptual design stage. More resolutionof the 
ow requires a deeper
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understanding of the physics involved in the process of receptivity and transition itself.

The simpler theory can be more robust.

3.2.1 Linear Stability Theory

As previously discussed, laminar instabilities begin as small velocity disturbances that grow

or decay linearly. Unstable growth eventually leads to large amplitudes, nonlinear behavior,

and, eventually, to breakdown and the onset of turbulent 
ow. One of the �rst attempts

to calculate the stability to small perturbations in the lam inar boundary layer evolved into

what is known today as linear stability theory. Even though i t only accurately describes

the linear stage of instability growth, its success as a transition prediction tool is widely

accepted, especially for two-dimensional 
ows [33, 3].

Linear stability theory can be summarized as follows. The Navier-Stokes equations are

the starting point. They are separated into mean 
ow terms and 
uctuation terms which are

then simpli�ed by neglecting nonlinear e�ects. Then the mean 
ow equations are subtracted

out, leaving linearized di�erential equations governing the small disturbances. The parallel


ow assumption is applied, which is basically a statement that the boundary-layer growth

is small over a wavelength of the disturbance. With the additional assumption of sinusoidal

solutions (via complex exponentials), the equations simplify into an eigenvalue problem at

each chordwise station. This means that the solution procedure involves marching from

leading to trailing edge and solving for the local disturbance properties. The inputs are

the disturbance frequency and wave angle, and the outputs are the ampli�cation rate and

mode shapes. Mathematical details can be found in an excellent paper by L. M. Mack [40].

The di�culty with LST is in the numerical procedure that �nds unstable modes and

tracks them as they travel downstream. This quality makes linear stability codes necessarily

interactive, with the user providing reasonable frequencies and checking for non-physical

results or for modes that are lost between stations. For thisreason, even a powerful computer

will still not enable the direct use of LST codes in numericaldesign optimization.

3.2.2 The en Criterion

Linear stability theory, and for that matter PSE calculatio ns as well, do not predict transi-

tion, but rather just predict the growth of periodic laminar instabilities. The most popular

transition criterion based on LST calculations originated in the mid 1950s. Smith and Gam-

beroni, and independently van Ingen, compared linear stability calculations with experimen-

tal results of various boundary layers for which the transition location was known [41, 42].

They found that the transition location in many experiments coincides with the location

where linear stability theory predicts the ampli�cation of Tollmien-Schlichting waves to
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reach about 8100. Since the commonly used ampli�cation n-factor is the natural logarithm

of the ampli�cation ratio, this became known as the e9 method.

The method works very well for two-dimensional boundary layers that experience tran-

sition caused by growth of Tollmien-Schlichting instabilit ies. It is also assumed that the

freestream turbulence and acoustic disturbances are not too great since a long, slow, linear

growth of the instabilities is required for LST to be accurate. If the initiating disturbances

are large, then nonlinear growth can dominate the transitional region and violate the as-

sumptions of LST (bypass transition). Low turbulence tunnels and atmospheric 
ight con-

ditions generally meet these requirements. The n-factor canbe adjusted to other than 9 to

account for varying receptivity e�ects, such as free-streamturbulence, acoustic disturbances

or surface roughness.

L. M. Mack [43] �rst suggested this approach by proposing a correlation for TS n-factors

at transition as a function of equivalent freestream turbulence intensity:

nts = � 8:43� 2:4 ln(Tu):

He argued that freestream turbulence in
uences the initial amplitude of the laminar insta-

bilities. As a rough guide, transition in wind tunnels is generally observed at n-factors of 5

to 9, whereas in atmospheric 
ight, it is more common to see transition at n-factors of 8 to

14. For this reason, this criterion is now more commonly known as the en method wheren

is found empirically for the conditions of interest.

For cross
ow-dominated transition, similar n-factor correl ations have been made. Sta-

tionary cross
ow vortices, unlike TS waves, are not as sensitive to freestream turbulence or

noise, but are sensitive to surface roughness. Crouch and Ng[34] present n-factor correla-

tions to Radeztsky's wind tunnel data on swept wings showingtransition n-factors of 6 to

9, depending on the level of surface roughness:

ncf = 2 :3 � ln(hrms =� � ):

The streamwise displacement thickness,� � , is computed at the chordwise location where

the critical cross
ow mode begins its growth (its neutral point). Whereas Mack's formula

has been veri�ed by numerous researchers at low-speed and transonic conditions [3], Crouch

and Ng's formula is based only on one experimental dataset and may not be as universally

applicable.



Chapter 3. Transition Prediction Methodology 49

3.3 Present Transition Prediction Methodology

The present development assumes that 3-D transition to turbulence on swept wings can be

split into streamwise and cross
ow criteria that are calculated separately and subsequently

recombined. Compressible linear stability theory is heavily used since it successfully pre-

dicts TS dominated transition, and, it is believed, stationary cross
ow transition on swept

wings. Since the goal is to provide a transition analysis that can be used for aircraft de-

sign optimization, linear stability results are predetermined and stored as parametric �ts.

These �ts are evaluated during the optimization to calculate instability ampli�cation. The

en criterion is used to predict transition for both the streamwise TS calculation and the

cross
ow modes (but with di�erent values of n).

3.3.1 Cross
ow Instability Calculation

Predicting cross
ow transition is more di�cult than the str eamwise Tollmien-Schlichting

dominated transition (however, parametric �ts to linear st ability data happen to be quite

a bit simpler). As mentioned in x3.2, the physical phenomenon is predominantly nonlinear

and requires, for greatest accuracy, nonlinear PSE solutions and an additional secondary

instability code. Presently, only a handful of researchersaround the world can accomplish

this for subsonic 
ows, much less on a supersonic aircraft. Consequently, the methods used

during conceptual and preliminary design of aircraft have been very crude to date.

Prior to the present work, the most widely used design-oriented cross
ow transition

criterion was based solely on the cross
ow Reynolds number,de�ned as:

Rcf =
� ejwmax j� cf

� e
;

where � cf , the cross
ow thickness, is the height above the surface where the cross
ow veloc-

ity component is 1=10th of its maximum, wmax . The method referred to as the \cross
ow

Reynolds number criterion" in this work was originally prop osed by Owen and Randall [44].

A correction for compressibility was introduced by Malik et al. [45] who state that transition

is predicted when

Rcf = 200
�

1 +

 � 1

2
M 2

e

�
:

This formula is based on correlations to experiments and computations on cones, swept

cylinders and wings in subsonic and supersonic 
ows.

It unfortunately turns out that the cross
ow Reynolds numbe r approach is often too

conservative for transition prediction on a typical natura l laminar 
ow wing. The pri-

mary problem is an over sensitivity to wing root and tip distu rbances and to wing sweep.
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Figure 3.1: Comparison ofRcf and linear theory n-factor based transition criteria at three
sweep angles.

Figure 3.1, for example, shows transition predicted with the cross
ow Reynolds number

method compared to a linear stability n-factor approach. Regardless of the particular value

of transition Reynolds number or n-factor, there will be a signi�cant disagreement due to

the completely di�erent behavior of the n-factor and Rcf curves. Since low wing sweep

has an adverse e�ect on inviscid drag and sonic boom, it is important to be as realistic as

possible in determining sweep e�ects on transition prediction.

The next higher step in �delity from the cross
ow Reynolds nu mber method is para-

metric �ts of linear stability results. Even though it is arg ued that cross
ow transition is

an inherently nonlinear phenomena, it is recognized that linear stability theory will accu-

rately capture the initial growth of the vortices (where the y still behave as small, linear

disturbances). This alone is a huge improvement over a cross
ow Reynolds number crite-

rion because the cross
ow instabilities only begin amplifying well downstream for typical

supersonic NLF airfoils (as shown in Figure 3.1). Notwithstanding the limitations of lin-

earized analysis of cross
ow instabilities, it is believedthat linear theory is adequate for

comparisons between similar con�gurations in similar disturbance environments [38, 33].

Additionally, as mentioned previously, the work of Chaudhari et al. [39] suggests that the

nonlinear behavior may not be as important for supersonic cross
ow transition as it is at

low speeds.



Chapter 3. Transition Prediction Methodology 51

��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������

��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������

d

maxy

maxw

Ue

maxw
crossflow velocity ratio =

r e maxw cfd
me

crossflow Reynolds number =

maxy

cfd
crossflow shape factor =

cf

Figure 3.2: Cross
ow pro�le and parameters used for simpli�ed cross
ow instability growth
model.

The parameters used for the stationary cross
ow �t are summarized in Figure 3.2.

These parameters were suggested by Ray Dagenhart [46] and used by him to successfully

model growth rates calculated with an incompressible linear stability code. The present

study adds the ratio of wall to boundary-layer edge temperatures to the list, but, unlike

Tollmien-Schlichting instabilities, compressibility cor rections to the cross
ow modes are

small. Cross
ow n-factors are calculated by modeling the ampli�cation rates and integrating

them while simultaneously solving for the boundary layer 
ow:

�� cf = 2 :128
�

wmax

Ue

� 1:07

H cf

�
Te

Tw

� 0:4

(1 + jH cf � 0:35j1:5)
�
tanh

�
Rcf � Rcf 0

336� Rcf 0

�� 0:4

(3.1)

ncf =

xZ

x0

�dx:

Hcf is the cross
ow shape factor and� denotes the spatial ampli�cation rate of the instabili-

ties. The point at which the stationary cross
ow modes become unstable,x0, is determined

with a cross
ow Reynolds number criterion using a compressibility correction similar to

Malik's:

Rcf 0 = 46
Tw

Te
:

A description of the development process for these parametric �ts follows.

Most of the previous work on parametric models of stability results in incompressible


ow were developed using boundary-layer similarity solutions. Unfortunately, there are

no similarity solutions possible for compressible 3-D boundary layers. Instead, to help
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Figure 3.5: Stationary cross
ow n-factors on swept wings with 1% thick biconvex sections.

identify the in
uence of each parameter on growth rates, \similarity sequences" are used.

An arti�cial boundary layer is constructed by scaling the same pro�le (streamwise and

cross
ow velocities and temperature) at each chordwisex station by the square root of the

distance from the leading edge. Therefore, the boundary layer is made of a sequence of

pro�les with constant cross
ow shape factor and velocity ratio. This way each parameter

can be individually adjusted to capture its contribution to the magnitude of instability

ampli�cation. It is expected that such an approach is reasonable when linear stability

codes are used on these arti�cial boundary layers because LST eigenvalue solutions are

local at each x station. If PSE were utilized, however, this type of boundary layer may

result in erroneous solutions because the conservation of mass, momentum and energy is

violated in the mean 
ow.

An example is presented in Figures 3.3 and 3.4. Figure 3.3 shows the cross
ow velocity

pro�les used for three similarity sequences: the baseline and modi�cations that indepen-

dently vary the cross
ow shape factor and cross
ow velocity ratio. Figure 3.4 presents the

resulting ampli�cation rates of the stationary cross
ow mo des. The linear stability solver

in LASTRAC [19, 47] is used to calculate ampli�cation rates, and the parametric �t of

Equation 3.1 is devised to follow this data. The initial dataset used to develop the �t

spans cross
ow shape factors from 0.348 to 0.550 and cross
ow velocity ratios up to 0.012.

The growth rates are then slightly in
ated to better match th e swept biconvex results of
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Figure 3.6: Cross
ow n-factors calculated with LASTRAC (symbols) and theparametric �t
on swept wings with three airfoils at Mach 1.4 (left), 1.8 and2.2. The airfoils are: 3% thick
biconvex along the top, 'optB7' in the middle and 'optA7b.' The chord Reynolds number is 54
million.

Figure 3.5 (which exhibit cross
ow velocity ratios up to 0.02).

Notice that each individual mode is not modeled, but rather one curve is found that fol-

lows the envelope of n-factors calculated with LASTRAC. In this case, an analytic function

is found that approximately �ts the LASTRAC data, but a table -lookup method could also

be used.

It turns out that the three parameters picked by Dagenhart are nearly su�cient to model

cross
ow disturbances in supersonic 
ows (Tw=Te is added to the parameter list, but only

used for slight tweaking). Figure 3.6 shows surprising accuracy for the present parametric �t

that is based mostly on data at Mach 1.8 (the airfoils are de�ned in Table 4.1 on page 88).

This observation con�rms the assertion by Dagenhart that cross
ow instabilities are not

very sensitive to compressibility e�ects.
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Figure 3.7: Comparison of stationary cross
ow ampli�cation between COSAL and the present
parametric method on a tapered wing.

Since LASTRAC cannot yet calculate 
ows on tapered wings, the present �t is developed

with only in�nite-swept wing data. It can be seen in Figure 3.7 that the �t compares

favorably to COSAL [18] results on a tapered wing with 30 degrees of aft leading edge

sweep and 15 degrees of forward sweep at the trailing edge (the data is along the mid-

semispan of a small-scale F-15 
ight test blade [48]).

3.3.2 Streamwise Instability Calculation

The streamwise methodology is borrowed from the work of Drela [49], Gleyzes [50] and, to

a lesser extent, Stock and Dagenhart [51]. All of these previous works involve correlations

of incompressible linear stability theory along with some claims that they could be applied

at up to transonic speeds.

The fundamental idea is that a table lookup or regression curve �t can be made by

parameterizing the instability growth rate. For the incomp ressible case, similarity solutions

are used to relate growth rate to the boundary-layer shape factor and momentum thickness

Reynolds number. Figure 3.8 is an example of how the rate of increase of n-factor can be

approximated by a linear envelope over a range of unstable frequencies. Since the Tollmien-

Schlichting waves don't amplify below a certain Reynolds number, that quantity is also

modeled as a function of shape factor. The end result is a calculation of n that corresponds
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Figure 3.8: Boundary-layer instabilities on a 
at plate at Mach 0.1.

to the most unstable frequency at that chordwise station. The value of the frequency,

however, is not found. As in the cross
ow model, this is an n-factor envelope approach.

The present approach builds upon Drela's parametric formulas for the n-factor as a

function of boundary-layer shape factor,H (the ratio of displacement to momentum thick-

nesses), and momentum thickness Reynolds number,Re� . He actually uses the so-called

kinematic version of the shape factor,Hk , claiming that the formulation is less sensitive to

compressibility e�ects up to transonic freestream velocities. The kinematic shape factor is

simply the incompressible formula applied to compressible
ows:

Hk =

R
1 � u

ue
dy

R
(1 � u

ue
) u

ue
dy

:

The justi�cation is that Tollmien-Schlichting growth rates depend much more on velocity

pro�le shapes than the density-weighted compressible shapefactor.

For the current work, Drela's formulation is modi�ed in seve ral ways. First, his method

was originally designed around an integral boundary-layer method. Many of the empirical

formulas for determining H k and Re� can be dispensed with since those quantities are

calculated directly. Secondly, and more importantly, his method does not account for the

stabilizing e�ect of a compressible boundary layer, so a newparameter is introduced. The
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ratio of wall temperature to the external temperature is added as a the third parameter.

The temperature ratio is strongly correlated to Mach number and therefore seems to be a

good choice for modeling the e�ects of compressibility.

The original attempt to make parametric �ts for supersonic 
 ows involved two correction

terms to Drela's formula for instability growth rate that de pend upon the temperature ratio.

It was based on linear stability results on biconvex airfoils at Mach 1.5 to 2.4 as shown in

Figure 3.9. Even though that original �t was only accurate for a very small range of airfoils,

the results were very promising, suggesting that the addition of the temperature ratio to

the list of parameters is su�cient to capture the e�ects of co mpressibility

The present parametric �t is constructed by computing Tollm ien-Schlichting modes

(with LASTRAC) on the arti�cial similarity-like boundary la yers developed for the cross-


ow studies of x3.3.1. The pro�les for these arti�cial boundary layers are generated from

boundary-layer solutions on 
ows with linear pressure gradients. The strength of the pres-

sure gradients are chosen to cover a range ofH k from 2.5 to 3.0. Mach numbers from 1.0 to

2.2 and chord Reynolds numbers up to 100 million are considered (these ranges are su�cient

for the present investigation of supersonic NLF wings with sharp leading edges).

The approach of Gleyzes and Drela is used to develop the parametric �ts; namely, the

n-factor envelope is modeled linearly inRe� . This results in two functions that must be

�t: the point of initial instability and the slope of the line . Both of these functions depend

upon Hk and the temperature ratio, Tw=Te. As in the �rst attempt, corrections to Drela's

formulas are constructed in such a way that the parametric �t reduces to Drela's in the
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Figure 3.10: Present TS �t (lines) compared to LASTRAC data (symbols).

incompressible case (well, almost).

The location of initial instability, or critical point, is m odeled by a simple temperature

correction to Drela's formula for Re� 0 :

log10

�
Re� 0

K 0

�
=

�
1:415

Hk � 1
� 0:489

�
tanh

�
20

Hk � 1
� 12:9

�
+

3:295
Hk � 1

+ 0 :44 (3.2)

K 0 =
2
�

tan � 1
�

10
Tw

Te
� 10

�
+ 1 :

And the slope of n-factor is based on corrections to a slightlymodi�ed version of Drela's

formula:

dn
dRe�

=
0:01
K b

(2:4H kK a � 3:7 + 2:5K c tanh[1:5(Hk � 3:1)] + 0 :125 + K d � K m ) (3.3)

K a = 1 + 0 :2(H k � 2:5918)
�

1 �
Te

Tw

�

K b = 4 :7
�

Tw

Te
� 1

�
+ 1 ; K c =

Tw

Te
; K d = 1 :2

�
Tw

Te
� 1

� 3=2

:

Figure 3.10 presents a comparison of these equations with the LASTRAC data used to

generate the �ts. Since the TS modes become unstable at relatively small Reynolds numbers,

the accuracy of theRe� 0 �t is su�cient for full-scale supersonic aircraft.

Unfortunately, this approach (so far with K m = 0 in Equation 3.3) does not correctly

capture the decay of instabilities away from the critical point in 
ows with favorable gra-

dients (and the increase in growth rate with adverse gradients). Figure 3.11 shows the

computed n-factor compared to Drela's functions for a boundary layer with linear pressure

gradients (favorable and adverse) at Mach 0.1. Although theDrela method matches the



Chapter 3. Transition Prediction Methodology 59

0 500 1000 1500 2000 2500 3000
0

2

4

6

8

10

12

14

16

18

20

Re
q

N
LASTRAC
Drela's Method

0 500 1000 1500
0

2

4

6

8

10

12

14

16

18

Re
q

N

LASTRAC
Drela's Method

Figure 3.11: Boundary-layer instabilities at Mach 0.1 with favorable pressure gradient at left,
and adverse gradient.

initial growth very well, it predicts transition early for t he favorable gradient case. It could

be argued that for typical full-scale aircraft up to the transonic regime, this e�ect can be

neglected because transition will occur relatively early. But this is de�nitely not so for

laminar 
ow airfoils.

It turns out that the local value of H k alone is insu�cient to model this decay. In fact,

the TS instability growth rate can be completely di�erent on the same boundary-layer pro�le

depending on its history. This may seem obvious, but one of the big simpli�cations of linear

stability theory is that it is a local solution method. In oth er words, the ampli�cation rates

only depend on the local boundary-layer pro�les, and that is why the previous researchers

model the ampli�cation rate on local boundary-layer parameters. The di�erence is that

Gleyzes and Drela model the n-factor envelopes, whereas Stock and Dagenhart model each

individual mode. Ideally the latter approach would overcome this problem, however it

involves considerably more work especially for supersonicboundary layers because modes

are de�ned by wave angles in addition to frequencies.

To match the decay in TS instability growth in favorable grad ients, data from several

boundary layers in linear favorable and adverse gradients were used to tune theK m term

in Equation 3.3. The history e�ect is modeled by a running average ofHk from the critical

point:

K m = 11:5
p

Tw=Te
�
Hkavg � Hk

�

Hkavg =
1

x � x0

xZ

x0

Hkdx:
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Figure 3.12: Ampli�cation ratios of Tollmien-Schlichting waves on a 3% thick biconvex airfoil:
present method compared to LASTRAC.
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('optA7b'): present method compared to LASTRAC.

This is not the most ideal method, but it seems to work fairly well on the airfoils that were

tested in 
ows from Mach 1.4 to 2.2 with chord Reynolds numbers up to 80 million (the

presentK m term does not do so well for incompressible and transonic cases, and is probably

the most limiting portion of the method).

Figures 3.12 to 3.14 show n-factors calculated with the present method compared with

linear stability results at Mach 1.8 and 54 million chord Reynolds number. In these �gures,

the wave angle (or, equivalently, spanwise wave length) is chosen that maximizes the n-factor

at each frequency. The higher frequency modes become unstable, reach the maximum and

begin to decay earlier than the lower frequency modes. Therefore, where the envelope of

maximum n-factors decays, individual modes are still growing (see, for instance, Figure 3.12

aft of x = 1 :5). This is the behavior that is di�cult to model with the pres ent envelope

�t and could probably be more accurately reproduced by modeling each individual mode

itself.

Nevertheless, the agreement between LASTRAC and the present �t is acceptable for

two-dimensional 
ows. Figure 3.15 shows further comparisons at Mach 1.4 and 2.2 at 54 to

56 million chord Reynolds number (the 'opt' airfoils are de� ned in Table 4.1 on page 88).

Similar agreement has been obtained on 3% thick biconvex airfoils at Mach 1.5 with chord

Reynolds number varying from 9 to 80 million.
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Figure 3.15: TS n-factors calculated with LASTRAC (symbols) and the present parametric �t
on various airfoils at Mach 1.4 (left) and 2.2. The airfoils are, clockwise from top left: 'optB7',
a 
at plate, 3% biconvex and a reversed 'optB7.'

3.3.3 3-D Transition Criterion

The interference between TS and cross
ow instabilities is still a topic of debate. Dagen-

hart [46] brie
y discusses the issue. He cites Pfenninger'sprevious work and says that as

long as both TS and cross
ow modes are not simultaneously strongly ampli�ed, their inter-

action can be ignored. Indeed, when the disturbances are small in amplitude and accurately

described by linear theory there would be no interference. But Dagenhart does state that

\relatively weak oblique TS waves can distort and stretch cross
ow disturbance vortices to

produce rapid, resonance-like ampli�cation and transition."

Two methods have been used to combine TS and cross
ow n-factors into a three-

dimensional transition criterion. In one, the cross
ow and TS modes are taken as com-

pletely separate, with their own critical n-factor. This app roach is least conservative and
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ow modes, following Arnal [3].

makes most sense when using linear stability theory directly. This corresponds to using the

square-shaped transition curve in Figure 3.16.

The second, and preferred approach in the present method, isto allow for some interfer-

ence between TS and cross
ow modes. Arnal's [3] review of recent 
ight and wind tunnel

data on swept wings suggests a weak TS-CF interaction: between the circular \mild inter-

action" and square \no interaction" curves of Figure 3.16. The present approach uses the

circular arc. This is done not just to model the physical interaction between the instabilities,

but also to account for three-dimensional e�ects that are neglected in the parametric �ts.

In particular, TS modes will see greater ampli�cation in 
ow s with cross
ow, and, similarly,

the streamwise velocity pro�le does in
uence cross
ow vortex growth rates. Neither of these

e�ects are explicitly modeled by the parametric �ts because of the choice of parameters,

but are qualitatively taken into account in the combined tra nsition criteria.

The complete method is summarized as follows. Parametric �ts of ampli�cation rates

and critical Reynolds numbers are created for Tollmien-Schlichting and cross
ow modes:

Re� 0 = f
�

H k ;
Tw

Te

�
(3.4)

dnts

dRe�
= f

�
H k ;

Tw

Te

�
(3.5)

Rcf 0 = f
�

Tw

Te

�
(3.6)



Chapter 3. Transition Prediction Methodology 64

integration path for instability n-factors
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Figure 3.17: N-factor integration path and computational arc of a sweep/taper boundary-layer
method on a typical trapezoidal wing planform.

�� cf = f
�

Rcf ;
wmax

Ue
; Hcf ;

Tw

Te

�
: (3.7)

As the boundary-layer equations are solved by the usual downstream marching, Re� , H k ,

Tw=Te, Rcf , Hcf and wmax =Ue are evaluated at each station. The TS and cross
ow ampli�-

cation factors can then be determined by evaluating the parametric �ts and integrating the

ampli�cation rates (Equations 3.5 and 3.7) from the point at which the appropriate critical

Reynolds number is exceeded (Equations 3.4 and 3.6) to the current chordwise station:

nts =

Re�Z

Re� 0

dnts

dRe�
dRe� and ncf =

xZ

xR cf 0

�dx:

The integration path of these n-factors is along the streamwise direction which is approx-

imated by a straight line aligned with the freestream velocity. The line is located at the

average spanwise station of the computational arc of the sweep/taper method described in

Chapter 2 (see Figure 3.17). The parameters appearing in theintegrands are translated

according to the conical similarity rule from the computati onal arc to the line of integration.

As the integration proceeds, a \composite ampli�cation rat io" is created,

N � =
q

(nts=9)2 + ( ncf =5)2; (3.8)

which predicts transition when N � reaches unity. The value of 9 for TS n-factor at transi-

tion is familiar and well accepted. Correlations with low-speed, transonic, supersonic and

hypersonic experiments show that transition due to TS instabilities is accurately predicted
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by en methods with n � 10 in the atmospheric 
ight environment according to Arnal [ 3].

Nevertheless, uncertainties in free-stream turbulence, noise environments and model geom-

etry (such as surface �nish and waviness) as well as the di�erent implementations of linear

theory used by various researchers (temporal versus spatial approaches, envelope methods,

etc. . . ) and inaccuracies in experimental measurement of transition location cause some

scatter in n-factor correlations. Typically, transition on set coincides with TS n-factors any-

where from 8 to 13 in atmospheric 
ight and somewhat less in wind tunnels (around 5 to 6

in noisy facilities and 8 to 10 in quiet tunnels) [3].

Whereas the TS n-factor at transition depends on free-stream turbulence and acoustic

noise, the stationary cross
ow n-factor depends most strongly on surface roughness. A value

of 5 at transition may be a bit pessimistic, but not unreasonably so based on the correlations

of Crouch and Ng [34]. They show that the CF n-factor at transition depends upon the

surface roughness height nondimensionalized by boundary-layer thickness. Since the high

Reynolds number boundary layers of interest in this thesis are very thin (displacement

thicknesses are on the order of one millimeter at full-scale), transition n-factors are likely

to be smaller than observed on most low-speed experiments (values up to 18 have been

documented [52]).

An example result using the composite ampli�cation factor follows. Flight data at

Mach 1.8 and 40,000 feet is compared to the present transition prediction scheme. The


ight test was conducted at NASA Dryden in December of 1999 and consisted of a small

wing, approximately three feet in span, bolted to the centerline pylon of an F-15B. The test

wing was imaged with an infrared camera which detects the di�erence in surface heating

between laminar and turbulent 
ow. This setup is depicted in Figures 3.18 and 3.19 and

further details are available in Banks et al. [53].

The present transition prediction scheme is fed by the sweep/taper boundary-layer

method of Chapter 2 and a full con�guration F-15 Euler solution provided by Analytical

Methods, Inc. of Redmond, Washington (Figure 3.20). There is evidence that transition

at this 
ight condition is triggered by a weak shock wave caused by some part of the F-15

underbody necessitating the complete three-dimensional CFD model of the F-15 with test

wing attached. The comparison with 
ight test is shown in Fig ure 3.21. In both cases,

turbulent 
ow is depicted as the white areas near the trailing edge at midspan and near the

root. The resulting agreement between computation and experiment is very encouraging.

3.4 Some Real-World Considerations

It is not a goal of this thesis to present a thorough analysis of all transition-related e�ects,

especially those relating the receptivity process. Nominal surface roughness, acoustic and
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Figure 3.18: NASA Dryden F15B with SSNLF test article slung below the centerline pylon.

Figure 3.19: Views of the test article and infrared camera pod.
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Figure 3.20: Euler calculation of 
ow over the F15 and test article. Courtesy of AMI, Inc.

Figure 3.21: Full F-15 inviscid solution with sweep/taper boundary-layersolution and present
transition prediction on the left compared to 
ight data on the right. White denotes turbulent

ow for both.
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structural noise and free-stream turbulence e�ects are implicitly addressed by the n-factor

correlations themselves. This is why 
ight data comparison is a very important element of

the present transition prediction technique.

A few other considerations include manufacturing tolerances, operational conditions,

atmospheric phenomena and insect impacts. Manufacturing limitations can manifest them-

selves as inaccurate geometry, surface waviness, roughness and a limitation of the maximum

sharpness of the wing leading edge. De�ning manufacturing tolerances is, for the most part,

a matter of construction cost and therefore discussion of the topic is deferred to a future

work (there is, of course, a large body of prior work on this subject, but the speci�c concerns

applicable to manufacturing thin, composite, supersonic wings need to be investigated). Ar-

bitrarily sharp leading edges, however, will never be possible, so an expanded discussion on

the e�ects of bluntness is provided later in this section.

Atmospheric phenomena that can adversely a�ect a laminar boundary layer include

precipitation, airframe icing, insect impacts and other disturbances such as dust storms and

volcanic ash. Hail, airframe icing and volcanic ash pose greater threats to a jet aircraft than

maintenance of laminar 
ow, so those items are not of particular concern here (only that

anti- or de-icing systems must be designed to not trip the boundary layer themselves). Most

atmospheric precipitation occurs well below the cruising altitude of a supersonic aircraft so

it is also not a concern. This leaves sand and dust storms, which could have detrimental

e�ects on laminar boundary layers. Sand can roughen the 
ying surfaces by scratching or

pitting the �nish, but is unlikely to be found at cruising alt itudes. Fine sand and dust,

however, can be carried quite high in the atmosphere and could, depending on particulate

size and weight, in
uence the dynamics of laminar instabilities or provide seeds for transition

by creating small wakes in the boundary layer. These phenomena are relatively rare and,

if necessary, can be addressed with operational limitations on the aircraft. Their e�ects on

transition, therefore, are not further discussed here.

Although most of these factors are beyond the scope of this work, three topics are

discussed in more detail in the rest of this section. They include insect impacts, the e�ects

of small, but �nite, leading-edge bluntness and the consequences of non-adiabatic wing

surfaces.

3.4.1 Bugs

Insect impact on the wing is de�nitely a serious threat to laminar 
ow. Nearly all laminar


ow research 
ight tests have used some sort of insect cover or de
ector. A popular method

seems to be a paper cover over the forward portions of the wingthat can be pulled or cut

away after the aircraft climbs to altitude such as the waxed butcher paper used in Boeing
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757 NLF tests [52]. Such a system, however, is not likely to besatisfactory for an operational

aircraft.

Ronald Joslin provides some interesting insect data in his review of laminar 
ow control

research [54]. He reports that the population of insects strongly depends on temperature

and is generally greatest in the early summer months at temperatures near 77oF. All of the

studies that Joslin cites show that insect density is reduced with altitude and is practically

nonexistent higher than 1000 feet above the ground. Although there have been a few bugs

found at higher altitudes (15,000 ft is the highest mentioned), these have all been very

small insects at the mercy of convective currents. Nevertheless, Joslin states that insect

protection is not required much over 500 feet above ground level.

Many potential solutions to insect contamination are also discussed by Joslin. The list

includes several variations on the removable cover, scrapers, de
ectors, 
uidic protection,

thermal methods, non-stick coatings and elastic wing surface conditions.

If extensive laminar 
ow is only sought on the upper surface,insect protection can be

combined with a high-lift device such as the Krueger 
ap. This 
ap stows into the lower

surface, leaving no hinge lines or gaps in the upper surface.During takeo� and landing,

it is extended and absorbs the insect impacts. Similarly, anti-ice and de-ice systems can

be combined with insect protection. Heating of the wing to cook the insects o� has been

proposed, but the high temperature probably requires special materials along the wing

leading edge. A glycol solution anti-ice system can be used towet the wing such as the

widely used TKS system by Aerospace Systems and Technologies Ltd. of Consett, England.

Joslin reports reasonable success with highly viscous 
uids sprayed onto the leading edge.

The bugs are trapped in the 
uid and then 
ow o� as airspeed is i ncreased.

Insect impact is one of the areas where thin wings with sharp leading edges may turn out

to have a strong advantage. While 
ying at or close to the ideal angle of attack (presumably

with help from trailing-edge 
aps), there is very little fron tal area presented to the bugs.

Other than the leading edge itself, all of the frontal area isat a very oblique angle, so what

bug impacts may occur will be glancing strikes. One study cited by Joslin claims that

surfaces inclined less than 7 degrees into the freestream result in bug impacts that do not

trigger bypass transition (they are just smudges with no signi�cant height). Obviously, the

7 degree �gure is speci�c to that test, but it is evidence that sharp-nosed airfoils are less

susceptible to bug impacts than traditional blunt leading edges.

Since sailplanes make extensive use of laminar 
ow, the designers at BWS Pirker &

Storka of Vienna, Austria have yet another solution: an ingenious bug wiper system they

call the M•uckenputzer. It is a U-shaped contraption that sit s over the leading edge and is

parked at the wing root. When actuated, aerodynamic forces drive it outboard along the

leading edge until it reaches the tip, whereupon wires pull it back to the wing root. As it



Chapter 3. Transition Prediction Methodology 70

travels along the leading edge, it scrapes o� any bug residue.

The bug problem is indeed important to address, but there do appear to be a few possible

solutions, some of which are unique to con�gurations with sharp leading edges. Proposed

solutions should be integrated with detailed design of supersonic NLF aircraft since some

design or operational compromises may be necessary to accommodate an anti-bug system.

The best solution, however, is highly dependent on the particular aircraft, its mission and

its operator.

3.4.2 E�ects of Bluntness

Since all of the work in this thesis assumes a sharp leading edge, a few aspects of the e�ects

of bluntness on transition are presented here. Obviously, truly sharp leading edges cannot

be manufactured, nor would they be desirable from structural and operational standpoints.

The goal of this section is not to give a detailed analysis, rather it is to show how the analysis

of a theoretical perfectly sharp leading edge can apply to a wing with �nite bluntness. There

are two main concerns due to bluntness: attachment-line contamination and early transition

away from the attachment line due to the 
ow around the blunt e dge.

Attachment-Line Contamination

Laminar 
ow 
ight experiments with swept-wing airplanes in t he 1950s and 1960s exhibited

unexpected early transition near the leading edge. Pfenninger [55] was �rst to propose a

satisfactory criterion that predicts this leading-edge transition. Using 
ight and wind tunnel

data, he concluded that the leading-edge attachment line is unstable to small disturbances

if the attachment-line momentum-thickness Reynolds number,Re� al , is greater than 240

and completely stable if Re� al is less than approximately 90 to 100. This means that for

values ofRe� al exceeding 240, the attachment line is expected to transition due to inherent

instabilities in the boundary layer. For values between 90 and 240, the laminar attachment

line is stable but can still be tripped by large disturbances such as surface irregularities

and turbulent 
ows on the wing/fuselage junction. If Re� al is below 90, however, the

attachment line not only remains laminar, but is very resistant to tripping and will not

propagate turbulence along the wing span.

Both Pfenninger and, later, Poll [56, 57] give a simpli�ed relation with which the mo-

mentum thickness Reynolds number may be estimated. For a circular leading edge, it is

simply:

Re� al = 0 :404

r
U1 r sin2 �

2�cos�
; (3.9)

wherer is the nose radius,� is the dynamic viscosity and � is the leading-edge sweep angle.
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This relation, however, is valid only for incompressible 
ow. Poll does provide a criterion

that he claims is accurate well into hypersonic 
ow [58, 59].

Citing a similarity solution for attachment-line boundary l ayers, Poll uses the length

scale

� =

s
�

du
dx

�
�
x=0

and the external spanwise velocity along the attachment line, we, to de�ne a Reynolds

number: �R = we�=� . He gives it a critical value of 245 below which attachment line

turbulence decays.

A result from the incompressible attachment-line similarity solution cited by Poll is

that � al = 0 :404� . This result along with simple sweep theory and the potential 
ow

solution at the stagnation point of a cylinder (du=dx = 2U1 =r) can be used to show

equivalence between Poll's criterion and Pfenninger's Equation 3.9. Poll's critical value of

245 corresponds to an attachment-line momentum-thickness Reynolds number of 100.

For compressible 
ows, the Poll criterion is adjusted only by calculating the viscosity at

an intermediate temperature inside the boundary layer:

T � = Te + 0 :1 (Tw � Te) + 0 :6 (Tr � Te) :

Te is the inviscid external temperature, and Tw and Tr are the wall and recovery temper-

atures which, for adiabatic surface conditions, are the same. This temperature correction

is similar to that used for compressible skin friction calculations. The compressible Poll

criterion can then be summarized as:

�R� =

 
U2

1 sin 2�

� � du
dx

�
�
x=0

! 1=2

< 245 (3.10)

where the dynamic viscosity, � � , is evaluated at the intermediate temperature, T � .

As an example, a 0.1 inch diameter leading edge swept 30 degrees, 
ying at Mach 1.6

and 49,000 feet results in an�R� value of approximately 67, which is well below critical. Since

du=dx varies inversely with the nose radius, any leading edge sharper than approximately

1.3 inches in diameter will be stable to attachment-line transition at this 
ight condition.

This quick analysis suggests that attachment-line contamination is not a concern since

reasonable leading-edge diameters are likely less than 0.1 inch and maximum leading edge

sweep will not be signi�cantly greater than 30 degrees, if atall.
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Figure 3.22: Cross
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Figure 3.23: Cross
ow Reynolds number on a blunt and sharp swept wing. Blunt leading edge
has 0.2 inch diameter.
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Figure 3.24: Stationary cross
ow instability growth on sharp case.
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Figure 3.26: Stationary cross
ow instability growth on blunt case zoomedto within 0.3% of
chord length.

Transition Away from the Attachment Line

The Poll criterion only determines whether the attachment line can be tripped and carry

turbulence outboard along the wing span. It does not guarantee that the 
ow will remain

laminar away from the attachment line. For example, Goodsell [25] shows that a two-

dimensional blunt airfoil at Mach 1.4 may transition near th e leading edge because of the

pressure distribution around the nose. This is mainly caused by 
ow over expansion around

the top of the round leading edge and subsequent compressionbefore the 
ow then re-

expands to follow the expected biconvex airfoil pressure distribution. The adverse gradient

in this region is a direct result of the bluntness and it destabilizes the boundary layer away

from the stagnation/attachment line. This e�ect can likely be mitigated by contouring of

the airfoil nose to minimize the over expansion. Even with the over expansion, the data

does indicate that the nose radius can be reduced to a point where the TS instabilities near

the blunt nose are no longer critical: approximately 1=2 inch at Mach 1.4 and 1.6 million per

foot unit Reynolds number. The data also shows that, as the nose radius is diminished, the

e�ects of bluntness become localized near the leading edge as high frequency TS instabilities

and the remaining TS modes can be closely approximated with asharp leading edge analysis.

Therefore, as long as the leading edge is sharp enough to avoid local transition, transition

prediction can be performed with a sharp leading edge analysis.

Cross
ow transition can also be in
uenced by leading-edge bluntness. The results of
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Agrawal, Kinard and Powell [26] suggest that a residual boundary-layer cross
ow initiated

at the leading edge can remain for a signi�cant chordwise distance (see Figure 3.22). In

this �gure, the Agrawal results are estimated by Richard Tracy (since a di�erent cross
ow

parameter was published) but the trend is clear|the entire c urve is o�set due to a starting

value at the leading edge. Agrawal et al. used the Kaups-Cebeci boundary-layer code [9]

which is similar to the BLSTA [14] code to which it is compared. The main di�erence is

due to the handling of the leading edge. Both codes assume a blunt leading edge with

an attachment line. The Agrawal wing, however, has sharp biconvex airfoils so some false

bluntness must be included in the pressure distribution that is input to the boundary-layer

code. The BLSTA results are obtained by starting the input �l e with the attachment

line pressure coe�cient and fairing a distribution to the sh arp-edge values. Some trial

and error was required to realize external velocity components that approximated those

calculated with the Euler code. In the end, the results match very closely those of the

present sweep/taper code which assumes a sharp leading edgeand requires no adjustments

to the inputs|it uses the Euler pressures and velocities dir ectly. Agrawal et al. do not

describe how they handled this.

A quick analysis is presented here showing the e�ect of bluntness on stationary cross
ow

ampli�cation. This analysis is very rough, meant just to show the qualitative e�ect of

bluntness. Euler pressures around a circular leading edge are faired into the pressures

on a sharp biconvex airfoil without attempting to model the suction peak. It is assumed

that the nose can be contoured to at least minimize the peak, but more importantly this

example demonstrates that bluntness does not result in large cross
ow over the entire wing.

Modeling the exact pressures and nose shapes of reasonable airfoils is de�nitely feasible,

but is riddled with complicating details and beyond the scope of this analysis.

The analysis consists of an in�nite-swept wing with 0.2 inch nose radius and 30 degrees

of sweep 
ying at Mach 1.6 and 2 million per foot unit Reynolds number. It is compared

to a sharp leading edge case in Figures 3.23 to 3.26. The cross
ow n-factors computed with

LASTRAC suggest that even this relatively blunt wing can be accurately approximated

with a sharp wing analysis. Bluntness at this scale causes little instability growth near

the leading edge and a slight o�set to the remaining n-factors. It should be noted that

this analysis does not include curvature e�ects in the n-factor calculations (curvature is

normally stabilizing).

For both cross
ow (CF) and TS instabilities, bluntness has a local e�ect on instability

growth in the immediate vicinity of the leading edge and a smaller but wider scale change

in the n-factor growth (the di�erences in n-factors seen in Figure 3.25). If the local insta-

bility growth does not cause transition because the leadingedge is sharp enough, it can be

neglected entirely from the analysis. The residual e�ect away from the leading edge could
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be modeled if desired. Since it is due to history in the boundary-layer solution and not to a

direct e�ect of bluntness on instability growth, the e�ect p robably can be modeled by modi-

fying the boundary-layer solution. The modi�cation would am ount to an adjustment to the

initial condition in the boundary-layer solver by correlati ng starting pro�les with various

degrees of bluntness and leading-edge sweep angles. This wayno detailed 
ow solutions

are required around the blunt sections themselves. Unless it is found that bluntness has a

larger residual e�ect than is observed here, however, it hardly seems worth the trouble to

model this small e�ect since the di�erence in n-factors is well within the accuracy of the

rest of the transition analysis.

Obviously, more detailed stability calculations are required to pin down anything but a

rough estimate of the required leading-edge sharpness for low-sweep supersonic NLF aircraft.

Curvature and non-parallel e�ects can be signi�cant and should be included in the analysis.

It is also conceivable that in the vicinity of the blunt leadi ng edge, nonlinear e�ects such

as TS-CF coupling could become important since the 
ow changes direction very quickly

around the leading edge as it expands and accelerates. Thereare also potential e�ects on

the receptivity process due to entropy gradients and acoustic noise caused by the detached

bow shock.

Nevertheless, it appears that sharp leading edge analysis is a su�cient approximation

for transition prediction on reasonably sharp leading edges. Since blunting the wing sections

raises inviscid drag, it is not anticipated that this restri ction will impact aircraft design.

At 
ight Reynolds numbers, reasonably sharp means a nose diameter of roughly 0.1 inch

or less (but could be quite a bit more blunt than that if the pro �le of the leading edge

is carefully shaped). 0.1 inch diameter and smaller trailing edges are not uncommon in

present-day aircraft, therefore laminar 
ow concerns do notrequire nose diameters so small

as to pose insurmountable manufacturing issues nor operational ones (such as injury to

ground personnel).

3.4.3 Non-Adiabatic Wall Conditions

All of the work in this thesis assumes that an adiabatic wing surface is a reasonable ap-

proximation to actual 
ight. Since wall heating is known to d estabilize Tollmien-Schlichting

waves, it is important to justify this choice (cross
ow modes, however, are relatively insen-

sitive to heating e�ects).

Obviously the only time it is reasonable to assume no heat transfer through the wing

surface is in steady cruising 
ight. Changes in altitude or airspeed will cause momentary

heating or cooling of the boundary layer due to the thermal inertia of the wing struc-

ture. Similar temperature transients can occur in steady cruising 
ight by passing through
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changes in the atmosphere such as frontal zones. Since the goal of the present analysis is

to predict cruise drag, these transient e�ects are assumed to occupy only a short portion of

cruise 
ight and therefore are neglected.

Even for steady 
ight in an unchanging atmosphere, the wing is still not strictly an

adiabatic surface. Fortunately, carrying fuel in the wings tends to cool the wing skins, par-

ticularly on the lower surface. Since cooling is stabilizing to TS waves, this is advantageous

for NLF aircraft because transition margins are increased. The fuel system can even be

speci�cally designed to take advantage of this e�ect by cycling cooler fuel to the areas on

the wing that experience the highest TS growth rates. Conversely, fuel pumps and 
ight

control motors can heat up the structure, although not likely enough to cause signi�cant

changes in the boundary layer.

Additionally, the adiabatic wing model does not result in constant temperature over the

surface of the wing because the recovery temperature in the boundary layer is slightly less

than stagnation. For air with 
 = 1 :4 and Prandtl number of 0.7, the approximate relation

for adiabatic wall temperature is:

Taw � T0
1 + 0:167M 2

e

1 + 0:2M 2
e

;

where M e is the Mach number just outside the viscous layer andT0 is the stagnation

temperature. Therefore, as the 
ow accelerates over an airfoil, adiabatic surface temperature

drops. This sets up potential heat conduction in the wing skins and associated structure

from warmer to cooler regions. For the thin airfoils of interest in this work, the temperature

gradient is relatively small except perhaps in the immediate region of the sharp leading edge.

A simple analysis is presented that investigates the e�ect of wing leading edge heat

conduction on Tollmien-Schlichting n-factors. No structural heat conduction calculations

are performed, rather some simple assumptions are made to gauge the importance of this

e�ect. The test case is a two-dimensional problem consistingof a 3% thick biconvex airfoil

section with a 9.6 foot chord 
ying at Mach 1.8 and at an altitu de of 27,000 feet. It is

assumed that the heat from the leading-edge stagnation 
ows through the wing structure

to about 10% chord (1 foot), beyond which the wing surface is adiabatic. The resulting

surface temperature distribution is shown in Figure 3.27.

For the comparison between the adiabatic and heated boundary-layer instabilities, LAS-

TRAC is used to calculate TS n-factors with its \envelope" method. This means that for

each frequency that is analyzed, rather than picking a �xed mode by specifying its wave

angle (or spanwise wavenumber), LASTRAC computes and uses the worst-case ampli�ca-

tion at each chordwise station. It is a less physically accurate method, but well suited for

this comparison since the surface heating could change which modes exhibit the greatest
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Figure 3.27: Surface temperatures for heated and adiabatic cases at Mach 1.8 on a 3% biconvex
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ampli�cation.

The results are plotted in Figure 3.28. Overall n-factor values are only slightly af-

fected. The leading-edge heating does increase n-factors, but only locally and even then not

signi�cantly. Obviously this is not a thorough investigati on, but it does show that these

departures from adiabatic wing assumptions are likely negligible for transition prediction

at least on the thin, sharp wings considered herein.

3.5 Limitations and Suggestions for Future Work

Any transition prediction approach has limitations. The pr esent method, in particular, is

designed to be compatible with numerical optimization. As such, it has evolved into an

application-speci�c implementation: it only works on thin w ings with sharp leading edges

swept ahead of the Mach angle and 
ying between Mach 1.4 and 2.2 with chord Reynolds

numbers up to 80 million. These particular limits are not fundamental to the methodology;

they can be extended as needed with further correlation to linear stability results.

The limitations of linear stability theory, however, are al l inherited by the present

method. If transition is poorly predicted with LST and the en method, then the present

approach cannot do better. Since theen approach depends upon empirical calibration of

the transition n-factor, the lack of supersonic low-disturbance transition data is a serious

drawback. Further analysis of the most pertinent available data such as the Dryden F-15


ight tests and the old NASA F-104 tests is necessary to help substantiate or adjust the

choice of n-factors and to help determine the accuracy of the prediction. Complicating these

analyses is the need for accurate three-dimensional geometry de�nitions and inviscid 
ow

calculations.

Some limitations of LST include the inability to model non-parallel e�ects, most recep-

tivity phenomena or any nonlinear behavior such as interaction between di�erent instability

modes. Most of these e�ects are clumped together and accounted for by the choice of tran-

sition n-factor. This means that n-factor correlations will b e more accurate if they are

developed for very similar geometries in similar 
ight conditions. Using, for instance, linear

PSE computations instead of LST allows a slightly wider range of correlations since LPSE

does accurately model non-parallel e�ects (which can be important for the oblique TS waves

that are critical in supersonic 
ows [3]). However, it is not presently known whether the

present parametric �tting method can be simply extended to model linear or nonlinear PSE

results. The main complication is that the present use of arti�cial similarity boundary lay-

ers may not be compatible with PSE calculations. A PSE-based �tting scheme, therefore,

will probably be substantially more di�cult, requiring an a dvanced parameter identi�cation

or regression method and very carefully picked sample casesto span the parameter space.
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This is especially true since more accurate �ts will require an increase in the number of

parameters to incorporate things like non-parallel e�ects and nonlinear growth of cross
ow

vortices.

A big drawback to the use of LST for modeling cross
ow transition is the inability of

the linear theory to accurately model the nonlinear growth and saturation that precedes

secondary instabilities and cross
ow-induced transition. As mentioned in x3.3.1, it is not

clear whether nonlinear saturation is as important for supersonic 
ows. Because of the

dearth of data, however, further research into the mechanisms of cross
ow transition in

supersonic 
ows is necessary to determine how accurate an n-factor correlation predicts

transition.

Another possibly nonlinear phenomenon that is unlikely to be accurately captured with

LST is the e�ects of cross
ow reversal. Again, further research on this topic is necessary

since it is not currently understood how regions of cross
owreversal a�ect the growth of

the previously established cross
ow vortices. Nor is it understood how the mix of the

original and reversed vortices a�ect the transition location. Some insights on this subject

are summarized by Craig Streett [32].

Further limitations of the present method beyond those of LST are due to the �tting

methodology. The �rst and most basic assumption made is thatthe transition phenomena

of interest can be split into separate streamwise and cross
ow portions. This assumption

on its own is consistent with LST theory|there is no interact ion between TS and cross
ow

modes in linear theory. The additional approximation, however, appears in the choice of

parameters for the �t. Since streamwise velocity pro�le properties are not used in the

cross
ow �t and cross
ow properties not used in the TS �ts, an additional decoupling is

created beyond that of linear theory. It turns out that the st reamwise velocity pro�le shape

does a�ect cross
ow vortex growth and that boundary-layer cross
ow does a�ect TS mode

growth. Fortunately, since stationary cross
ow vortices are nearly aligned with the 
ow,

the streamwise velocity shape has relatively little in
uence on them [46]. Similarly, since

the magnitude of the cross
ow velocity has to be very small toavoid cross
ow transition,

its e�ect on TS growth is neglected.

Neglecting this coupling is a good approximation as long as either the streamwise pres-

sure gradient remains favorable or the cross
ow velocity issmall. In other words, loss of

accuracy generally only a concern when both CF and TS modes grow simultaneously. The

recommended choice of \composite ampli�cation ratio" (Equation 3.8) is intended to mit-

igate some of this concern by adding some conservatism in thecombination the individual

n-factors into a transition criterion. However a better, and more physically accurate ap-

proach, is to include some coupling in the �ts themselves. A reasonable start would be to

include the streamwise velocity shape factor as a parameterin the cross
ow �ts and, for
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the TS �ts, to compute the velocity shape factor in the direct ion of propagation of the TS

waves. The experience from developing the present parametric �ts suggests that these two

modi�cations to the method are su�cient to model this intera ction. It should be noted that

each parameter added to the �t increases the number of necessary LST runs exponentially.

Also, it is not obvious how to determine the wave angle for themodi�ed TS �ts. A rough

number could be based on the free-stream Mach number, but, in reality, each individual fre-

quency propagates at a di�erent wave angle. This brings up the next level of improvement:

modeling individual modes separately.

Modeling each instability mode itself, rather than the current n-factor envelope models,

has some signi�cant advantages. The proposed inclusion of awave angle in the TS �ts

is more physically meaningful when modeling individual modes. Additionally, the TS �ts

should become more robust since the need for the \history" e�ect presently modeled with

the K m term in Equation 3.3 on page 58 will likely disappear. Keeping track of individual

modes also brings with it the potential to incorporate some nonlinear e�ects. A hybrid

approach could be devised where some NPSE results are incorporated into the �ts to capture

the gross e�ects of, say, TS-CF interaction when both types ofinstabilities are ampli�ed

simultaneously. This information, for instance, can be used to de�ne an improved version

of the \composite ampli�cation factor". Another nonlinear e�ect that could potentially be

modeled is the bene�cial e�ect of distributed roughness.

The delay or even prevention of cross
ow dominated transition with the application of

evenly distributed tiny bumps was developed by William Saric and his colleagues at Ari-

zona State University [31]. The method is fundamentally based on nonlinear destructive

interference between small wavelength cross
ow modes and their lower harmonics. Since

the shorter wavelength modes typically grow near the leading edge and then decay natu-

rally, they can be ampli�ed using the distributed bumps with out causing transition. The

arti�cially ampli�ed modes then control the growth of the la rger wavelength modes that

would have otherwise caused transition. These nonlinear interactions could be included in

a design-oriented transition prediction scheme by modelingthe destructive interference as

an e�ective lessening of the instability growth rate.

For instance, bumps at a particular spanwise spacing increase the growth rate of cross-


ow modes with the same spanwise wavelength (and multiples of it) if the bumps are placed

near the neutral point � of the modes. The presence of cross
ow modes of the correct wave-

length and neutral point location can trigger a term in the parametric �ts that reduces the

growth rates of the appropriate larger wavelength modes. The magnitude of these growth

rate decreases as well as the details of their triggering arenot simple, therefore creating

� The neutral point is the chordwise location where the speci�ed mod e just becomes unstable and growth
begins. It is accurately predicted by LST even for cross
ow vortex m odes.
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such a model will take considerable research.

However, if aircraft designs are to take advantage of these distributed bumps, such a

model would be an invaluable design tool. Since the behavior of the cross
ow vortices

determine the best location and distribution of the bumps aswell as whether the bumps

have any e�ect on transition at all, there is a strong coupling between the design of the

bumps and the design of the aircraft shape. In other words, the airfoil shapes and wing

planforms have to be speci�cally designed to create certaincross
ow instabilities that are

then used, with the aid of well-placed bumps, to delay the onset of transition. This tight

coupling makes the aircraft design problem very di�cult especially when multidisciplinary

tradeo�s are also considered.

Other useful capabilities could be added to the present transition prediction scheme.

Wall cooling and suction are good examples. Wall cooling is perhaps more pertinent for

natural laminar 
ow designs since heat conduction through the structure, particularly if

fuel is carried in the wings, can be an important factor for boundary-layer transition. Such

an analysis would, of course, require fairly detailed de�nitions of the wing structure and

fuel system design in addition to changes to the transition prediction scheme. Additionally,

the boundary-layer solution would have to be coupled to structural heat transfer analyses.

Nevertheless, the present transition prediction method could be extended to account for

wall cooling or suction by adding more parameters to the �ts, such as wall temperature

gradient and mass 
ux. Alternately, a rough approximation c ould be made by adjusting

the transition n-factor values rather than creating a whole new set of �ts. This approach

is suggested by Crouch and Ng [34] to capture the e�ects of suction on cross
ow-induced

transition.



Chapter 4

Optimization Techniques

Computational evaluation of aircraft designs is of obviousbene�t to the designer. Providing

information on how to improve the design, however, is signi�cantly more useful. Nonlinear

numerical optimization can be used for this purpose.

The process of �nding the optimum of a general nonlinear function is fraught with

di�culty. One major problem is non-smooth and perhaps discontinuous functions. It is

possible, or even probable, that the boundary-layer transition front may suddenly jump

about with smooth variations of the aircraft geometry. Even when such physical phenomena

do not occur, predicting transition using a discretized 
ow solution is still di�cult to do

smoothly.

Optimization algorithms can be signi�cantly slowed or even fail on non-smooth func-

tions. For this reason, a few optimization strategies have been applied to various prob-

lems of interest to supersonic natural laminar 
ow design. Among them are sequential

quadratic programming, the Nelder-Mead simplex algorithm, a genetic algorithm, and

response-surface trust region methods. This chapter describes these methods and how

they apply to the NLF design problem.

4.1 Gradient-based Optimization

It can be argued that nonlinear constrained optimization of functions that are expensive to

compute (such as aircraft aerodynamics) is normally best solved with sequential quadratic

programming. It is one of a class of optimization algorithmscalled gradient-based methods

since it requires accurate objective and constraint gradients. This is the main di�culty.

Gradients are often not cheap to evaluate and can be quite challenging to compute accu-

rately. Inaccurate gradient information adversely impacts the progress of the optimization,

and can cause it to fail entirely.

83
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Figure 4.1: Error in �nite di�erence gradients as a function of step size.

4.1.1 Sensitivity Analysis

Some of the popular methods for calculating function gradients include �nite di�erences,

automatic (algorithmic) di�erentiation, direct methods, adjoint methods and a relatively

new approach called the complex-step method. Calculating gradients is, in fact, an entire

�eld of research called sensitivity analysis.

The complex-step method is the approach chosen for this work. It is an intriguing

method because of its ease of use, accuracy, and recent (re)discovery. In 1998, Squire and

Trapp wrote a three-page paper [60] bringing to the spotlighta clever trick they extracted

from an obscure work by Lyness and Moler [61]. Lyness and Moler described methods for

using Cauchy residue theory to derive alternate formulas for numerical evaluation of higher-

order derivatives. It is not clear whether they even realized that one of the low-order �rst

derivative formulas simpli�es to a single term that avoids subtractive cancellation:

df
dx

= lim
h! 0

Im f f (x + ih )g
h

: (4.1)

This equation is analogous to a �nite-di�erence derivative with a step size ofh and is valid

for any analytic function that is real-valued along the real axis.

The real advantage of complex-step method is robustness. Because there is no subtrac-

tion in the formula, ridiculously small step sizes can be used. A typical value is 10� 20 where

the computed derivatives are just as accurate as the function itself. In fact, for reasonably

well scaled computations, any step size from 10� 10 to 10� 200 or beyond will yield the same

answer. This is a tremendous improvement over the traditional �nite-di�erence approach.

With �nite di�erences, step sizes must be chosen carefully as they only produce good
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Figure 4.2: Drag coe�cients plotted as functions of a fuselage bump variable. Small line
segments represent slopes calculated with the complex-step method.

answers over a very small, problem-dependent range. And the good answers are not that

accurate|typically accurate to the square root of the funct ion precision for �rst-order

�nite di�erences. As an example, Figure 4.1 shows the error in computed �nite central-

di�erence gradients as a function step size for the two-dimensional airfoil optimization

problem described in x4.1.3 below. It is typical of such plots for a reasonably precise

function. Finite di�erences of more complicated computations often result in a much smaller

region of acceptable step sizes and can be centered on a completely di�erent, problem-

dependent, step size.

The problem, therefore, is that it is very di�cult to determi ne if a �nite-di�erence

gradient is correct, particularly for functions that are solved iteratively. Calculations of wing

drag that include transition prediction fall under this cat egory. Figure 4.2 illustrates the

di�culty. The inviscid drag calculation is smooth and the co mplex-step computed slopes lie

tangent to a curve drawn through the data points. The viscousdrag computation, however,

introduces some noise in the analysis, and the complex-step method e�ectively �lters this

noise and computes usable derivatives.

Further details and examples of the complex-step method can be found in Appendix E

as well as in Martins et al. [62, 63, 64] and Martins [65].

4.1.2 Sequential Quadratic Programming

The state-of-the-art nonlinear constrained optimization method is, arguably, sequential

quadratic programming (SQP). For smooth, constrained nonlinear problems that are ex-

pensive to evaluate, it is di�cult to do better than a well-des igned SQP algorithm. The
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packages NPSOL and SNOPT, developed by researchers at Stanford and at UCSD, are used

in this work [66, 67].

The overall goal of the SQP method is to solve a general nonlinear problem with in-

equality constraints. It turns out that the constrained min imizer of such a problem is at

a saddle point of the Lagrangian. The SQP method is an algorithm that �nds that saddle

point.

An SQP algorithm starts from an initial guess and tries to �nd an improved point at

each iteration. The usual approach is to use a quadratic �t to the Lagrangian along with

linearized constraints to form a quadratic programming (QP) subproblem. The solution

to the subproblem de�nes the direction along which to searchfor the next iterate. This

line search loosely minimizes a merit function (the merit function is meant to balance the

decrease of objective value against the constraint violations) and that minimizer becomes

the next iterate.

Only function and gradient values are provided, therefore the SQP algorithm derives its

own estimate of the Hessian of the Lagrangian to create the quadratic �t. A quasi-Newton

update scheme is typically used, the most popular of which isthe BFGS formula [66].

Information from each new iterate is used to update the localquadratic �t of the Lagrangian

as the problem is solved. Theoretically, as the optimum is found, the Lagrange multiplier

and Hessian estimates converge to the true values. Therefore the solution to the �nal QP

subproblem is the solution to the original nonlinear problem.

The BFGS formula updates the Hessian by di�erencing the gradient values at each

iteration. It is therefore paramount that smooth gradient d ata can be obtained. Finite

di�erencing of the objective and constraint functions to pr ovide gradients can hurt the

e�ciency of the algorithm or cause it to fail altogether. If, however, gradients are provided

(and are continuous), an SQP method can handle objective functions that are not perfectly

smooth or slightly discontinuous, such as the example in Figure 4.2. Such a situation may

cause the termination criteria to fail to recognize that an optimum solution is found, but

should not impede progress as the optimum is approached.

4.1.3 Example and Discussion

SNOPT was used to solve a simple, but interesting two-dimensional airfoil optimization.

The goal was to build a high Reynolds number 
ight test articl e that, among other things,

would demonstrate laminar 
ow in excess of 50 million chord Reynolds number. To max-

imize transition margins, an airfoil is designed that minimizes the maximum Tollmien-

Schlichting n-factor at Mach 1.8 and 54 million chord Reynolds number. The airfoil is

constrained to be a maximum of 3% thick, and is de�ned by interpolating through six
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Figure 4.3: Initial attempts to design airfoil to minimize maximum n-factor. Old parametric �t
method
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metric �t method.
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Figure 4.5: The initial and optimized airfoil sections.

equally spaced points between the leading and trailing edge(using the modi�ed Akima

spline method of Appendix D). The thickness at these six points are the design variables.

The 
ow is calculated with the shock-expansion method of Appendix F and the boundary-

layer method of Chapter 2. The n-factor envelope is calculated using the parametric �ts of

Chapter 3. Gradients of the maximum n-factor are computed by the complex-step method.

Since the n-factor is calculated at discrete chordwise stations, it is necessary to �nd the

maximum of an interpolating function. Otherwise the movement of the location of the

maximum does not enter into the gradient calculation. The modi�ed Akima algorithm is

also used for this purpose.

Figures 4.3 and 4.4 are comparisons of the parametric �t methods and linear stability

theory computed with LASTRAC [19] on the initial and optimiz ed airfoils. Figure 4.5 is a

plot of the airfoil pro�les and Table 4.1 documents the section coordinates. The starting

guess is a 3% thick parabolic biconvex airfoil. The �rst attempt at minimizing the n-factor

airfoil y/c
optA7b 0.0127481 0.0148800 0.0148800 0.0140165 0.0113448 0.00652122
optA7c 0.00810455 0.0131720 0.0149665 0.0142009 0.0112715 0.00646846
optB7 0.00935713 0.0138631 0.0149700 0.0142927 0.0113564 0.00647423

Table 4.1: Optimized airfoil coordinates at six points equally spaced between the leading and
trailing edge. The modi�ed Akima spline is used to interpolatebetween these points.
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resulted in the airfoil called \optA7b" which has the maximu m thickness point moved sub-

stantially forward. The optimizer managed to expose a limitation in the original parametric

n-factor model. That model begins to deviate from linear stability results in strong favor-

able pressure gradients, so the optimizer increased the curvature near the leading edge and

took advantage of the analysis. Placing a limit on the maximum pressure gradient (which

was desirable because of other aspects of the planned 
ight test) resulted in the section

called \optB7." This optimization was posed with 99 constraints (the pressure gradient at

each point on the airfoil) which, by the way, did not slow the optimization at all. A rerun

of the �rst optimization, but with the present transition mo del, results in \optA7c." The

check against linear stability theory is fairly close, but not perfect. This result, however,

does provide some insight into a strategy to design such an airfoil.

The n-factor envelope on a biconvex airfoil at this 
ight condition peaks just forward of

the mid-chord region. To lower that peak, the favorable pressure gradient has to be increased

around the region of fast TS wave growth. This is done by increasing the curvature, and

therefore, thickness, in the forward portions of the airfoil. Since the maximum thickness is

constrained, the curvature towards the aft end is necessarily reduced. The e�ects of this

can be seen in the \A7b" airfoil where the n-factors are reduced in the �rst 30% of chord,

but then grow substantially aft of 50% chord. The strategy that is evident in the \A7c"

result is to increase the curvature in the forward sections just enough to plateau the n-factor

envelope. The linear stability results indicate that the curvature should be increased by a

bit more, but not as much as in \B7," therefore the true minimi zer of maximum n-factor

lies somewhere between \A7c" and \B7." And it will very likel y maintain laminar 
ow with

more margin than the original biconvex airfoil not only because the maximum n-factor is

reduced, but also because the location of the maximum is shifted towards the trailing edge.

It should be noted that the results do not address any e�ect onboundary-layer recep-

tivity. To realistically increase transition margins, it i s important that the boundary-layer

sensitivity to freestream turbulence, acoustic noise and surface roughness is not increased.

It is assumed that the relatively slight changes made to the airfoils do not appreciably

change the receptivity process, allowing a constant n-factor to determine transition.

The n-factor plateau of the optimum airfoil, however, does give rise to some di�culties

with the optimization. In particular, using the maximum n-fa ctor as an objective function

can be problematic. In all of the optimized airfoils, some portion of the n-factor envelope is


at. Since lowering the n-factor in one portion of the airfoil tends to raise it in others, the

optimum invariably contains this plateau in n-factor. The e� ect on the optimization is that

gradients supplied by the complex-step method become poor atthe optimum, causing the

optimizer to hunt around for quite a few extra iterations before quitting near the optimum.

This is due to the location of maximum n-factor jumping discontinuously between two or
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more locations as airfoils near the optimum are evaluated.

Instead of using the maximum n-factor as the objective, various norms of the vector

composed of n-factors at each computed point along the airfoil were tried. These objective

functions, although smoother near the optimum, do not seem to speed convergence, and

often slow it down. The basic problem is that the region of theairfoil that has the greatest

control over the higher n-factors shifts around. This behavior cannot be completely hidden

by a reformulation of the objective function. Using the maximum n-factor at least provides

very clear sensitivity information when there is a distinct peak, so progress is swift until

the plateau is created.

This minor di�culty can be considerably ampli�ed for an opti mization that involves

transition to turbulence and drag computations. Since multiple peaks of n-factor are possi-

ble, the transition front could spontaneously jump in the chordwise direction. Such behavior

can cause gradient-based optimizers to fail. For this reason, several non-gradient methods

have also been investigated.

4.2 Response Surface Trust Region Methods

A common gradient-free approach is response surface optimization. The basic premise

is that if a function is expensive to evaluate and possibly noisy, then that function can

be sampled at a few points and a �t created. Optimization is then performed not on the

original function but on the �t, which is cheap to evaluate an d smooth. As the optimization

progresses to di�erent areas of the design space, new �ts arecreated or updated to accurately

model the actual function in the area of interest. These �ts go by many names such as

approximation models, output predictors, surrogate models, and response surfaces.

One advantage of the method is that it doesn't require gradient information. It therefore

can, in principle, better handle noisy and non-smooth functions. If the sample points used to

create the �ts are not taken too closely together, smaller wavelength noise will essentially be

�ltered out. Similarly, if the function gradient is not cont inuous, that area is also smoothed

out.

The basic di�culties include deciding which points to sampl e, what sort of �tting func-

tion to use on that data, and how to update the �t as the optimiz ation progresses. Two

methods, quadratic and kriging� response surfaces have been used in this work and are

described below.
� See Appendix C.
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4.2.1 Quadratic Response Surfaces

As in the SQP approach and in Newton and quasi-Newton optimization algorithms, a

quadratic polynomial is chosen as the approximating function. It is a natural choice because

it is the lowest-order polynomial that can contain a bounded extremum. Any higher-order

function brings with it the danger of false local minima and undesired undulations.

For a response-surface scheme to work, there has to be an algorithm for updating the

�t as the optimization progresses, including safeguards toprevent a bad �t from throwing

everything o�. One such method is a trust region framework. It is a formalization of the

concept that the �t is not to be trusted beyond some distance from the points that were used

to create it. Bounds are enforced during optimization on the response surface to remain

within this region of trust. The di�cult part of the trust reg ion approach is deciding on an

update scheme that will not impede progress towards the optimum. One such example is

described by Alexandrov et al. [68].

To gather enough information for a quadratic �t in n dimensions, (n +1)( n +2) =2 points

on the original function must be sampled. The location of thepoints must be carefully picked

since a singular set is remarkably easy to �nd in higher dimensions. Appendix B provides

a few more details on this subject and proposes an optimal arrangement of points.

Example and Discussion

An Euler code (FLO87 [69]) is combined with the present boundary-layer solver to compute

the 
ow on a wing/body con�guration. The problem is that the p resence of the fuselage

spoils the laminar 
ow that can normally be maintained on a th in, low-sweep wing in

supersonic 
ow. The objective is to reshape the fuselage at the wing/body junction to

regain laminar 
ow on the wing. The design, once again, is fora 
ight test demonstrating

extensive laminar 
ow, so total drag is not considered.

The fuselage is axisymmetric, and its radius distribution is modi�ed at the wing root.

Spline knots are used as design variables to allow reasonably complex shapes to be designed

with few variables. Three design variables were used initially, with quadratic response

surfaces and a cubic trust region (using the tetrahedron-in-a-box scheme described in Ap-

pendix B). The objective function is the negative of the cumulative length of laminar 
ow

run (as calculated by the sweep/taper method at six spanwiselocations).

The initial two design iterations were completed with a total of 14 function evaluations

because the best point from the �rst iteration fell on one of the corners in the trust region

that was not already evaluated. This meant that the tetrahedron could be re
ected about

one of its faces, and only four new points needed to be evaluated for the second iteration.

The �rst two iterations resulted in signi�cant gain of lamin ar 
ow extent. The exaggerated
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Figure 4.6: Initial fuselage redesign exaggerated by a factor of four.

fuselage shape is shown in Figure 4.6. Other data from this initial optimization can be

found in Sturdza et al. [13].

The wing/body geometry was changed after this �rst design and a new design started.

The baseline solution is shown in Figure 4.7. It is a Sears-Haack body placed at the root

of an NLF wing that otherwise would achieve nearly full-chord laminar 
ow. This is a

relatively small-scale con�guration: the wing semispan is approximately 31 inches and the

fuselage is about 115 inches long. The 
ight condition is Mach 1.8 at a standard altitude

of 40,000 feet.

The divot in the fuselage near the wing leading edge depictedin Figure 4.6 was transfered

to this new geometry as the starting point. Another three-variable design was conducted

and the �rst iteration was successful (Figure 4.8). Three more iterations were performed

without improvement. The number of design variables was increased to �ve and transition

margins were increased by specifying transition at N*=0.67in the objective function. Four

more iterations resulted in nearly 100% laminar 
ow on the wing (Figure 4.9) and a fuselage

design exhibiting a similar divot to the �rst design attempt (Figure 4.10).

This subtle reshaping of the fuselage (it is drawn to scale inFigure 4.9) mainly serves to

straighten the isobars on the wing, eliminating cross
ow. In this case, Tollmien-Schlichting

ampli�cation is not a major factor because of the small scaleof the model: the chord

Reynolds number at mid-semispan is only about 9 million.

4.2.2 Kriging Response Surfaces

Successive quadratic �tting during trust region updates can be ine�cient because sampled

data is routinely thrown away even if there are old points inside or near the new trust region.
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Figure 4.7: Wing/body baseline composite N-factor solution at Mach 1.8 and 40,000 feet
standard altitude. The three fuselage spline points at center are the design variables and the
rest are �xed.

Figure 4.8: Composite N-factor result for design iteration 1 with 3 variables.

Figure 4.9: Final composite N-factor result with 5 design variables and increased transition
margins (7th iteration in total).
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Obviously, it would be advantageous to incorporate known points into the �t rather than

discarding them. It is also the case that the number of pointsrequired for a quadratic �t

can become prohibitively large for many design variables. This serves to further motivate

a scheme that retains the previously evaluated points in newly created �ts.

One possible solution to both of the problems is to create some sort of global �t that

gradually improves as new points are evaluated. Not only areprevious data kept, but also

fewer points are necessary at each �t update.

The algorithm tried in the present work is based on interpolation using ordinary krig-

ing [70] and on some ideas borrowed from quasi-Newton optimization methods. The premise

behind a quasi-Newton optimizer is that gathering enough information to create complete

second-order information (the Hessian) at each iteration isprohibitively expensive. Quasi-

Newton methods proceed by evaluating functions and gradients at each iteration and then

accumulate the information into the Hessian as the optimization proceeds. By the time the

Hessian is �lled in, signi�cant progress towards the optimum can be made.

Following this logic is the algorithm outlined in Figure 4.11. Kriging �ts seem to be

reasonably robust at �tting low-order polynomials. Unfortu nately, they can also become

quite erratic if used as a general global �tting technique without careful regard to point

spacing (see Appendix C). To address this di�culty, the present algorithm only utilizes the

last (n+1)( n+2) =2 points. This response-surface method, in summary, attempts to simulate
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� set variable scale factors
� pick baseline point
� pick variable and constraint bounds
� evaluate baseline point
� pick initial stencil size
� set minimum stencil spread
� initialize SNOPT
� begin main iteration loop

� sample N more points at x + dxi

� keep only (N+ 1)(N+ 2)=2 most recent points
� create objective and constraint kriging fits
� set trust region bounds (between 2% and 17% bigger than point

spread depending on badness)
� call SNOPT with kriging objective and constraints
� � = least-squares Lagrange multiplier estimate based on krigi ng

fits at SNOPT solution point
� evaluate new point, x
� compute badness= kfit � eval k=keval k
� compute merit function based on current penalty, � = 5k� k
� compute last good merit function with current �
� decide goodness ( badness < 0:2 and improvement in merit)
� if good point

� dx = x � xlastgood

� xlastgood = x (save objective and constraint values similarly)
� keep CFD restart files

� else
� throw out current point
� shrink stencil: dx = dx=2
� x = 0:3(x � xlastgood ) + xlastgood

� use last good CFD restart files
� check stencil size against minimum and reset if necessary
� check for convergence: exit loop if kx � xlast k and trust region

size and kMerit � Merit lastgood k are smaller than some criteria
� delete kriging fits

� end main loop
� output of final result

Figure 4.11: Pseudo-code procedure for kriging-based trust-region response surface optimiza-
tion.
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the accumulation of second-order information of an SQP algorithm while evaluating only

n+1 new points at each iteration (as would an SQP method when used with �nite-di�erence

gradients).

This algorithm should be a de�nite improvement over the simpler quadratic response-

surface approach, especially for ten or more design variables. Unfortunately, its Achilles

heel is the trust region update scheme. This method, when applied to a wing/body drag

minimization problem that includes transition to turbulen t 
ow, is found to make progress

at a slow pace. The main di�culty is that the trust region is �r st shrunk until a good

�t is obtained, then movement at each subsequent iteration is limited by the small trust

region. The sensitivity of transition location to small changes in fuselage shape is blamed

for causing trust region to shrink until the method becomes prohibitively ine�cient.

However, one strong advantage of the response-surface approach is that constraints

are simple and natural to implement. Each constraint can be modeled with the same

response-surface approximation and the resulting optimization problem solved with an ef-

�cient gradient-based solver. The constraints are then solved accurately (unlike a penalty-

function method) and without adversely a�ecting the e�cien cy of the algorithm.

More work on trust region update schemes is necessary to makethese response-surface

methods useful in typical NLF design problems. Speci�cally, a trust region formulation that

allows the trust region to stretch and rotate in order to mold itself into the topography of

the design space would probably help. Without these modi�cations, this method is often

no more e�cient than the nonlinear simplex method, which is described next.

4.3 Nelder-Mead Simplex

A popular nongradient-based optimization algorithm is due to Nelder and Mead [71]. It is

often called the nonlinear simplex, or polytope method. Thealgorithm is summarized in

Figures 4.12 and 4.13. It has some advantages, notably robustness for small numbers of

design variables, but is not known for being particularly e� cient.

A version slightly modi�ed to handle constraints and variab le bounds was tried on an

NLF wing/body study. It is found that a noisy objective funct ion can cause the simplex

method to fail. In particular, since the algorithm will neve r let go of the best point,

premature convergence is a big danger. If one of the verticesof the simplex happens upon

a point with a signi�cantly lower objective than the neighbo ring points, the algorithm will

continuously shrink the simplex until the convergence criteria are satis�ed.

Proper scaling of the initial simplex dimensions should avoid premature convergence,

but this scale is not necessarily obvious. In the case of dragminimization of a wing/body

similar to the example in x4.2.1, subtle fuselage perturbations can cause large movements
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Figure 4.12: Operators of the Nelder-Mead simplex method depicted forN = 2 .

of the transition front and therefore large variations in vi scous drag. At the same time, the

inviscid drag varies much more smoothly and on a larger scaleof fuselage perturbations.

The total drag, therefore is composed of two functions with di�ering scales.

The simplex method has been found to be unreliable in a wing/body design case, likely

because of the disparate scale issue and possible additional noise in the objective.

4.4 Genetic Algorithms

All of the previously described methods are limited to �ndin g a local minimum. There

is reason to believe, based on the example inx4.2.1, that the sensitivity of transition to

geometry may result in many local minima of drag. Figure 4.14, for example, shows how

the total drag coe�cient of a wing/body combination is a�ect ed by a bump in fuselage radius

near the wing leading edge. The dip shown in the plot is not necessarily a local minimum

(if, say, other design variables are considered), but does suggest that they probably exist.

Another di�culty with some analyses used in this work is occasional erratic results.

Figure 4.15 illustrates an example using the A502 linear panel code [72]. A conventional

cranked-delta con�guration is analyzed as the fuselage radius is varied at about mid-chord.

The inviscid drag coe�cient jumps substantially (approxim ately two counts) with tiny

changes in the fuselage shape due to instabilities in the numerical algorithm in A502. This

particular \pothole" in the design space caused an optimization using the kriging algorithm

of x4.2.2 to fail, and similar instances have been observed to halt the Nelder-Mead simplex

method as well. These algorithms, like many optimization methods, assume that any feasi-

ble point with a lower objective value is better and that yet b etter points will be found in

the vicinity (unless it is the optimum).

This \pothole" behavior, noisy function evaluations and local minima are serious road-

blocks to any numerical optimization approach. The only way to escape local minima with
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Figure 4.13: The Nelder-Mead simplex algorithm as a 
ow chart. The re
ection, expansion,
contraction and shrink operators are de�ned in Figure 4.12 and the bad point is de�ned as the
next-to-worst point.
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Figure 4.14: Drag as a function of a fuselage bump variable.

the optimization algorithms discussed so far is to start theoptimization anew from many

di�erent points in the design space. One approach that essentially does this as part of

the method itself is a genetic algorithm. Multiple independent evaluations of the objective

creates robustness. Genetic algorithms, therefore, are better suited to dealing with local

minima, noisy objectives and failures of the analyses to return a reasonable result.

Typical genetic algorithms involve encoding the design variables in a binary represen-

tation so that this \gene" can be split and combined in various ways to create \o�spring"

from two \parents." An algorithm due to Kroo [73] is used in th is work (see Figure 4.16).

This method is not a traditional genetic algorithm in that it works with 
oating point values

directly and can be viewed as a multi-agent search algorithm.

Much of Kroo's method has similarities with the Nelder-Mead simplex algorithm. The

selection scheme attempts to get rid of the worst point without greedily going for the

best available. The purpose is to maintain variety in the population and avoid premature

convergence. The simplex algorithm, as an analogy, could evaluate four points along a line

with its re
ection, expansion and two types of contractions operators. It does not, however,

do a line search and pick the best point. For example, by just modifying the simplex

expansion routine to accept the best of the re
ected point and expanded point (instead

of keeping the expanded point if it is good enough), as proposed by Lagarias, et al. [74],

convergence is signi�cantly slowed on the Rosenbrock function.

Since Kroo's algorithm does not allow o�spring too close to either parent, the \pothole"

problem is also avoided. The o�spring are always either interpolated halfway between

each parent or extrapolated past the best parent by the distance between the two parents.

This property avoids collecting the entire population inside \potholes" such as the one in
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Figure 4.15: An example of a design space \pothole." Numerical inaccuracies in the A502
panel code occasionally cause erratic results.

Figure 4.15 because the size of the pothole is small comparedto the spread of the initial

population. Even though individuals in a deep pothole will remain in the population for

many or even all generations, their o�spring, in general, will not �nd their way into the

pothole.

The main drawback of genetic algorithms is e�ciency. Convergence can be very slow

and take many function evaluations, particularly as the number of design variables grow.

For instance, solving a wing/body inviscid drag minimizati on with just �ve fuselage design

variables (Figure 4.17) can take almost an order of magnitude more computations than even

the kriging response surface algorithm ofx4.2.2. A loose convergence to drag levels just

under 58 counts takes approximately 2000 function evaluations with this genetic algorithm

as compared to 344 for the response surface method (Figure 4.18). The kriging case actually

uses six design variables because it constrains lift, whereas the genetic algorithm runs at

constant angle of attack. This explains the dip below the �nal minimum drag value in

the response surface method convergence history: it occurswhen the lift constraint is

momentarily violated during the optimization.

The advantages of genetic algorithms are, however, quite desirable. The ability to han-

dle noisy functions with local minima is very important. Add itionally, genetic algorithms

can easily handle cases where the analysis does not return a reasonable answer or crashes

altogether. The overall robustness of the method may save quite a bit of time in the end.



Chapter 4. Optimization Techniques 101

� random initialization within (some fraction of) variable b ounds
� begin main loop:

� random selection of parents
� crossover | two parents have two offspring:

� parents are ranked such that parent 1 is better than parent 2

� offspring 1 is interpolated: x offspg 1 = ( xparent 1 + xparent 2)=2
� offspring 2 is extrapolated: x offspg 2 = 2 xparent 1 � xparent 2

� parent 2 is replaced by best offspring if best offspring is
better

� print results

Figure 4.16: Pseudo-code procedure for Kroo's genetic algorithm search method without mu-
tation.

Figure 4.17: Wing/body with area-ruled fuselage for minimum inviscid drag at Mach 1.5.

This is because the more e�cient algorithms often require much more human intervention

and supervision during the optimization as well as special preparation of the analysis codes

ahead of time (this is particularly true for the gradient-based methods). Lastly, the com-

putational ine�ciency of genetic algorithms can be somewhat mitigated by their ease of

parallelization. Since only the individual's design variables and �tness values are shared

between processors, very little communication is necessary in a parallel implementation.

4.5 Final Observations

Even though a multidisciplinary optimization approach wil l not attempt to minimize drag

directly, drag will still play a prominent role in the object ive function(s) of any aircraft
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Figure 4.18: Convergence histories of a genetic algorithm compared to a kriging response
surface optimization on a wing/body inviscid drag minimization problem.

design problem. Design optimization of a natural laminar 
ow airplane will invariably be

strongly driven by the aerodynamic drag. It is, after all, th e sole motivation for laminar


ow designs.

Due to the potential of noise and discontinuities in drag computations that involve tran-

sition prediction, gradient-based SQP optimizers should besupplemented by a nongradient

scheme. The additional possibility of numerous local minima in the drag suggest that the

genetic algorithm scheme would be a good choice. Its robustness can also help make up for

the lack of intuition and rules of thumb that normally guide a designer working with more

conventional aircraft.

A reasonable design approach is to conduct relatively low-�delity analysis with the in-

e�cient but robust genetic algorithm to help identify the im portant design variables and to

narrow the design space. Then, with reasonable bounds on thevariables, a higher-�delity

Euler analysis can be used, coupled with a gradient-based optimizer and the complex-

step method, to further re�ne the answer. A disadvantage to this approach is that, while

gradient-based optimizers such as SQP algorithms typicallyhandle constraints e�ciently,

the genetic algorithm is not well-suited to solve constrained problems. Often the design

problem can be posed in such a way as to minimize the necessary constraints. In a multi-

disciplinary optimization framework, however, that may not be possible, requiring penalty

or barrier functions to enforce the constraints.
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Example Design Problem

This chapter presents results of an example optimization problem that demonstrates the

capability of the present aerodynamic analysis method. It also investigates one of many

interesting questions regarding a supersonic NLF aircraftdesign: if, and how, a traditional

area-ruled wing/body can be modi�ed to enable extensive natural laminar 
ow on the wing.

It turns out that area-ruling the fuselage is unfavorable to laminar 
ow stability on the wing.

Area ruling typically increases the boundary-layer cross
ow and diminishes the favorable

streamwise pressure gradient, sometimes even reversing it. This means that there is a basic

trade between viscous and inviscid drags for supersonic NLFwing/body designs.

5.1 Description of Problem

For the example design, the drag of a wing/body con�guration is studied. The wing/body is

sized to represent a supersonic NLF corporate jet design. A corporate jet is chosen because

it is recognized as one of the more reasonable initial applications of the supersonic NLF

technology. There are many reasons for this, but most are dueto the simple advantage of

size. An 8 to 10 passenger business jet is considerably smaller than a typical supersonic

airline transport. The smaller size lowers the intensity of the sonic boom, engine noise and

other environmental impact. It also lowers the full-scale Reynolds numbers which gener-

ally makes it easier to achieve extensive laminar 
ow. Additionally, the smaller airplane

is considerably cheaper to build which is very important considering the investment risk

involved in the design and construction of a new concept. Lastly, the business jet market is

more likely to embrace supersonic aircraft. Whereas commercial airliners have slowed down

since the 1960s in favor of increased e�ciency, the Cessna Citation X, currently the fastest

commercial aircraft, is very popular among corporate customers even though it cruises only

about 10% faster than the competition (and its cruise speed is often cited as a strong

103
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Wing Span 57 ft.
Wing Area 1300 sq. ft.
Aspect Ratio 2.5
Taper Ratio 0.25
Wing Chord:

root 36.5 ft.
tip 9.1 ft.

Wing Sweep:
leading edge 21.7 deg.
1=4 chord 9.0 deg.
trailing edge -29.3 deg.

Airfoils:
root 3.0% biconvex
30% span 2.25% biconvex
tip 1.5% biconvex

Wing LE Apex 48% fuse. len.
Fuselage Length 103 ft.
Gross Weight 45,000 lb.

Table 5.1: Basic dimensions and properties of baseline con�guration. Sketch of half body is
on the right.

Figure 5.1: Artist concept of supersonic natural laminar 
ow business jet. Courtesy of ASSET
Research Corporation.
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Figure 5.2: Inviscid drag polar computed with two Euler solvers compared with the A502 panel
code at Mach 1.5.

customer attraction).

The wing/body for this example design problem is based on an 8passenger jet design

that 
ies at Mach 1.5 and 50,000 feet with approximately a 4500 nautical mile range.

Table 5.1 summarizes the basic dimensions of the aircraft which would look something like

the rendering in Figure 5.1. The baseline shape was designedby Ilan Kroo and the ASSET

Research Corporation using mission analyses in concert with a low �delity aero-structural

optimization consisting of linearized aerodynamics and simpli�ed structural constraints.

The present aerodynamic analysis consists of the inviscid high-order linear panel method

A502 (PAN AIR) [72] and the sweep/taper boundary-layer solver described in Chapter 2

with the rapid transition prediction scheme of Chapter 3. Ancillary programs include a

code that panels up the geometry (extracted from the Ca�e framework [75]), an A502 post-

processor that interpolates the inviscid 
ow solution for use by the boundary-layer code

and a wrapper program. The wrapper provides the objective function for the optimizer

by generating input �les, running all of the necessary codes, reading the output �les and

performing the �nal drag integration.

A502 is chosen to compute the inviscid 
ow solution primarily for its speed of execution.

A comparison of lift and drag computed by A502 and two Euler solvers (CFL3D [27] and

CART3D [76]) in Figure 5.2 shows that a linear panel method isquite accurate for comput-

ing pressures on this wing/body con�guration at Mach 1.5. A more detailed investigation

by Martin Chan also indicates good agreement between A502 and Euler solutions on similar
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Figure 5.3: A502 and sweep/taper boundary-layer code discretization.

supersonic con�gurations [77].

Total drag for this con�guration is computed by summing the i nviscid value computed

by A502, the viscous drag from the boundary-layer code and a simple estimate of turbulent

fuselage skin friction drag using von K�arm�an's 
at-plate f ormula corrected for compressibil-

ity. Some details, such as the viscous drag on the wing tip andthe turbulent wedge present

at the wing root are neglected in this analysis.

Figure 5.3 depicts the numerical discretization for the sample design optimizations. The

A502 model is made from 17 chordwise by 15 spanwise panels on each wing surface, and 24

by 42 panels on the fuselage. The boundary layer is solved on eight spanwise arcs on the

upper and lower wing surfaces. A502 pressure and velocity results are interpolated onto

101 equally-space points on each arc for the boundary-layer solution.

The design objective is the minimization of drag at constantlift. The optimizations are

performed with a parallel implementation of the genetic algorithm described in Chapter 4.

The optimizer is allowed to vary the fuselage shape by moving�ve spline knots near the

wing root region (see Figure 5.4). The �ve knots, along with the remaining �xed points

taken from the baseline design, de�ne the radius distribution of the circular fuselage which

is interpolated using the modi�ed Akima spline algorithm described in Appendix D.

The location of the fuselage design variables are chosen to allow modi�cation of the

pressure �eld on the wing. From previous experience with wing/body designs, it has been

observed that the Mach wave emanating from the intersectionof the wing leading edge with

the fuselage can strongly in
uence transition location. This suggests that fuselage contours

around the leading edge of the wing are important. Additionally, there is little bene�t to

contouring the fuselage toward the trailing edge since thatregion has very little in
uence
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Figure 5.4: Fuselage spline and design variable locations. The scale isstretched in the spanwise
direction|only part of the wing is shown.

on the pressure �eld on the wing. Consequently the fuselage design points were spread from

just forward of the leading edge to about3=4 chord.

There are no constraints on the fuselage design variables. However the optimization

e�ectively maintains a �xed passenger cabin and a constant (equivalent volume) aft en-

gine/nacelle region. This means that the fuselage volume does vary during the optimization

although the variation is not large because of the �xed portions forward and aft of the wing.

Wing design variables include airfoil thicknesses and pro�les. Wing planform and twist

distribution are kept �xed. Fixing the planform allows near ly constant lift at constant

angle of attack, simplifying the optimization since it can be posed without constraints.

Twist distribution design is not attempted since, for low-sweep wings in supersonic 
ow, an

untwisted wing is very close to the minimum drag con�guration.

The 
ight condition is Mach 1.5 at a standard altitude of 50,0 00 feet. This translates

to a dynamic pressure of 381.5 pounds per square foot and a root chord Reynolds number

of 64.6 million (or 1.77 million per foot). The lift coe�cien t is 0.091.

5.2 Results and Observations

The following sections present the results of three design optimizations. In the �rst, the �ve

fuselage variables and three wing thicknesses make up the set of design variables. The second

optimization omits the wing thickness variables in favor of airfoil pro�le modi�cations. The

third investigates the e�ects of increasing the wing leading edge sweep to 40 degrees with
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the same design variables as the second optimization.

5.2.1 Design 1

This �rst design optimization is performed with eight desig n variables: three wing thickness-

to-chord ratios and the �ve fuselage spline points. The wing thicknesses are speci�ed at

the wing root (along the centerline, inside the fuselage) atan intermediate span location

(30% semispan) and at the wing tip. The wing is linearly lofted between those spanwise

stations, hereafter called the root, break and tip stations. The minimum wing thicknesses

are bounded below so that the optimization can only thicken the wing from the baseline

values (3%, 2.25% and 1.5% at the root, break and tip, respectively) and the airfoils are all

parabolic biconvex sections.

To compare with the minimum drag result, two other companion optimizations are per-

formed. The same eight design variables are used to �nd the shape that results in maximum

laminar 
ow on the wing. A minimum inviscid drag optimizatio n is also performed, but only

with the �ve fuselage variables since increasing the wing thickness and volume obviously

raises the wave drag.

The surface pressure distribution for the minimum inviscid drag case shown in Fig-

ure 5.5 reveals the expansion fan that propagates onto the wing due to the fuselage area

ruling. It is this change in pressure distribution that is responsible for the early transition

shown in Figure 5.7. The expansion fan induces relatively high spanwise pressure gradients,

increasing boundary-layer cross
ow, and also diminishes the favorable streamwise gradient

which destabilizes Tollmien-Schlichting waves. The optimization for maximum laminar 
ow

weakens this expansion fan (Figure 5.6) and successfully increases the laminar 
ow on the

wing from 59% to 85% (Figure 5.8).

The modi�cations to the fuselage and wing made by the optimizer are shown in Fig-

ures 5.10 and 5.11. Both the maximum laminar 
ow and minimum drag cases have an

indentation on the fuselage coincident with the wing leading edge. This is consistent with

previous wing/body investigations where boundary-layer cross
ow is controlled by a subtle

change to the fuselage to partially cancel the expansion fanthat is normally caused by the

intersection of the fuselage and wing leading edge.

The wing thickness is increased for the maximum laminar 
ow optimization. Increased

thickness is such a strong inviscid drag penalty that the minimum total drag design sacri�ces

the potential increase in laminar 
ow and settles with the wi ng thicknesses at their minimum

values.

Figure 5.12 summarizes the drag values for the minimum inviscid drag, maximum lam-

inar 
ow and minimum total drag cases. The highest drag con�guration is the maximum
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Figure 5.5: Pressure distribution on minimum inviscid drag con�guration.

Figure 5.6: Pressure distribution on maximum laminar 
ow extent con�guration.
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Figure 5.7: Composite N-factor for minimum inviscid drag case.cd = 0.0092, laminar ex-
tent = 59%.

Figure 5.8: Composite N-factor for maximum laminar 
ow case.cd = 0.0105, laminar ex-
tent = 85%.
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Figure 5.9: Composite N-factor for minimum total drag case.cd = 0.0088, laminar ex-
tent = 73%.
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Figure 5.10: Fuselage radius distribution for the three design cases. The wing leading edge
intersects the fuselage at approximately 0.49 and trailing edge around 0.82.
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Figure 5.12: Viscous, inviscid and total drag results for the three design cases.
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Figure 5.13: TS and cross
ow n-factors for the minimum inviscid drag case. Both cross
ow
and TS modes become critical. This is because the fuselage e�ects 
atten the chordwise
pressure distribution, sometimes even causing a bit of an adverse gradient. Spanwise gradients
are increased as well, contributing to cross
ow instability.

Figure 5.14: TS and cross
ow N-factors for the maximum laminar 
ow case. Thickening the
wing inboard helps stabilize the TS mode (by just enough on theupper surface) and fuselage
shaping minimizes the cross
ow instabilities.

Figure 5.15: TS and cross
ow n-factors for the minimum total drag case. Wave drag prevents
this solution from thickening the wing, therefore the TS modeis not su�ciently stable.
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laminar 
ow case. This is mainly due to the sensitivity of wave drag to the increased wing

thickness. In other words, it is not due to a fundamental tradeo� between increasing laminar


ow and lowering total drag, but rather a limitation of the de sign variables made available

to the optimization.

Since a strong streamwise favorable pressure gradient is necessary to maintain laminar


ow, the optimizer increased the wing thickness because that was its only means to overcome

the e�ects of the fuselage and recover the favorable gradient. This can be seen in the

pressure distribution as well as in the Tollmien-Schlichting N-factors (compare Figures 5.13

through 5.15). The cross
ow N-factors are also reduced (mostsigni�cantly on the upper

surface of the maximum laminar 
ow case and minimum total drag case). This implies

that the fuselage contouring is primarily responsible for controlling cross
ow and airfoil

thickening is used to control TS instabilities.

This last observation suggests that control over the airfoil shape may allow the use of

localized increases in curvature to stabilize the TS mode further and achieve a lower total

drag. The next set of design cases investigate this hypothesis.

5.2.2 Design 2

This second design study adds variables that modify the airfoil sections. Airfoil design

variables are chosen to provide some control over the distribution of curvature, and therefore

over the local pressure gradient and the damping of TS modes.The airfoil parameters,

however, do not change the cross-sectional area of the wing section. Cross-sectional area is

the primary determinator of wing torsional sti�ness which i s very important for aeroelastic

divergence|the primary structural constraint for these th in, low-sweep wings.

The constant-area airfoils used in this optimization are de�ned by adding the �rst sym-

metric and antisymmetric Fourier modes to a parabolic biconvex airfoil according to the

following formula:

z
c

= 2
teq

c

� x
c

� �
1 �

x
c

� �
1 + 0:15As sin 2�x

c + 0 :175Ac

�
3
� 2 + cos 2�x

c

��
:

The coe�cients As and Ac are bounded between� 1 and 1 mainly to avoid concave airfoil

sections since G•ortler instabilities are not computed in the transition prediction algorithm.

Figure 5.16 shows some examples of airfoil sections that canbe described with this method.

In the optimizations, upper and lower surfaces of the wing are varied independently. The

modi�ed airfoils are located at the wing root and break (as before, located at 30% span).

The tip airfoils are held �xed as biconvex sections. The equivalent thickness-to-chord ratio,

teq=c, is the thickness to chord of a biconvex section of the same area. The baseline design

cross-sectional areas are unchanged during this optimization: teq=c is 3% at the root, 2.25%



Chapter 5. Example Design Problem 115

0 0.2 0.4 0.6 0.8 1
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

x/c

z/
c

biconvex (A
s
 = A

c
 = 0)

forward (A
s
 = 1)       

rearward (A
s
 = -1)     

peaky (A
c
 = -1)        

flatened (A
c
 = 1)      

Figure 5.16: Modi�cations of a 3% thick biconvex airfoil without changing cross-sectional area.

at the break and 1.5% at the tip.

The same �ve fuselage variables used in the previous optimizations are added to the

new airfoil variables to total 13 design variables. Again, minimum inviscid drag, maximum

laminar 
ow and minimum total drag cases are investigated.

As expected, including airfoil design in the three wing/body optimization cases leads

to very di�erent results (see Figures 5.17 through 5.20). The extra degrees of freedom

allow much better control over the laminar 
ow extent on the w ing, and, interestingly also

result in a little more laminar 
ow extent on the minimum invi scid drag design. Both

the maximum laminar 
ow and minimum total drag cases are very similar in total drag,

indicating an almost even trade between skin friction and wave drag in those designs. Both

designs also just barely maintain laminar 
ow on a signi�cant portion of the upper surface.

This behavior is to be expected from the optimization since there is no penalty for getting

close to transition in the drag analysis.

The breakdown into TS and CF N-factors (Figures 5.24 through 5.26) shows that the TS

mode is least stable and dominates transition. This is possibly an indication that still more

control over airfoil shape may be necessary to �ne-tune the streamwise pressure gradient.

But it could also be simply the result of a compromise betweenCF and TS instabilities or

between TS growth and wave drag.

The presence of remarkably small cross
ow N-factors on the majority of both wing

surfaces suggests that higher wing sweeps could be tolerated in these laminar 
ow designs.
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Figure 5.17: Composite N-factor for minimum inviscid drag case.cd = 0.0090, laminar ex-
tent = 62%.

Figure 5.18: Composite N-factor for maximum laminar 
ow case.cd = 0.0087, laminar ex-
tent = 97%.
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Figure 5.19: Composite N-factor for minimum total drag case.cd = 0.0086, laminar ex-
tent = 82%.
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Figure 5.20: Viscous, inviscid and total drag results for the three design cases.
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Figure 5.21: Fuselage radius distribution for the three design cases. The wing leading edge
intersects the fuselage at approximately 0.49 and trailing edge around 0.82.
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Figure 5.22: Wing root airfoil sections for the three design cases and a biconvex section for
comparison.
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Figure 5.23: Wing break airfoil sections for the three design cases and a biconvex section for
comparison.

5.2.3 Design 3

Since higher wing sweep generally results in lower wave dragand weaker sonic booms, there

is considerable interest in higher sweep laminar 
ow designs. This third wing/body design

investigation, therefore, is conducted with 40 degrees of leading-edge sweep|slightly less

than the 48 degree sweep of the Mach cone. The wing area, aspect ratio and taper ratio

are all unchanged from the previous low-sweep design studies. The baseline fuselage is also

used, and the wing is moved forward only a little (to the minimum drag location on the

baseline fuselage: the wing leading-edge apex is at 45% of fuselage length). The location

of the fuselage design variables remain similar to the previous design studies as well (see

Figure 5.27). The attempt is to create an \equivalent" wing/ body with virtually no change

but the wing sweep. Obviously it is di�cult to make a truly equ ivalent con�guration for

comparison because of the e�ects of wing sweep on center of gravity, trim, stability, control,

maximum lift, aeroelasticity and structural weight. But th e interest here is the pure e�ect

of wing sweep on cruise drag and laminar 
ow extent.

The results of optimizations for minimum inviscid drag and for minimum total drag are

presented in Figures 5.28 through 5.34.

The TS and CF N-factor results for these two cases (Figures 5.33 and 5.34) are interest-

ing. As expected, the minimum inviscid drag design su�ers from early cross
ow transition.

It also exhibits high TS N-factors near the fuselage that is similar to the previous designs
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Figure 5.24: TS and cross
ow N-factors for the minimum inviscid drag case.

Figure 5.25: TS and cross
ow N-factors for the maximum laminar 
ow case.

Figure 5.26: TS and cross
ow N-factors for the minimum total drag case. The low cross
ow
N-factors suggest that higher wing sweeps should be possible.
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Figure 5.27: Fuselage spline and design variable locations.

Figure 5.28: Composite N-factor for minimum inviscid drag case.cd = 0.0100, laminar ex-
tent = 31%.
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Figure 5.29: Composite N-factor for minimum total drag case.cd = 0.0095, laminar ex-
tent = 48%.
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Figure 5.30: Fuselage radius distribution for the two design cases. The wing leading edge
intersects the fuselage at approximately 0.47 and trailing edge around 0.80.
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Figure 5.31: Wing root airfoil sections for the two design cases and a biconvex section for
comparison.
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Figure 5.32: Wing break airfoil sections for the two design cases and a biconvex section for
comparison.
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Figure 5.33: TS and cross
ow N-factors for the minimum inviscid drag case.

Figure 5.34: TS and cross
ow N-factors for the minimum total drag case.

and is due to the modi�ed pressure distribution on the wing from the fuselage area ruling.

The minimum drag case, however, manages signi�cantly lowercross
ow N-factors on the

upper surface. The TS N-factors are also lowered just enough for both the TS and CF

modes to reach their critical values at very similar locations. This is indicative of a balance

between CF and TS instabilities that maximizes the total laminar 
ow.

On the lower surface, however, the optimizer did very little to increase laminar 
ow. It

could be that the fuselage de�nition with circular cross sections is too limiting and does not

provide su�cient degrees of freedom to control the pressuredistribution on both surfaces

simultaneously. It is also possible that the inviscid drag penalty for achieving extensive

laminar 
ow on both surface may be prohibitive (this could be answered by optimizing for

maximum laminar 
ow). In either case, the optimizer increased the laminar 
ow extent

primarily on the upper surface likely because the initial Mach disturbance caused by the

wing root is weaker on the upper surface and therefore takes less fuselage shaping to cancel

out. Indeed, the isobar sweep is less in the �rst 50% chord of the upper surface for the

minimum drag design (compare Figures 5.35 and 5.36).
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Figure 5.35: Pressure distribution on minimum inviscid drag con�guration.

Figure 5.36: Pressure distribution on minimum drag con�guration.
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Figure 5.37: Drag breakdown for the minimum inviscid and total drag designs.

Interestingly, the adverse chordwise pressure gradient isslightly increased on the inboard

sections aft of 50% chord. This is likely an attempt to control wave drag aft of the transition

line and make up for the compromise between shaping for laminar 
ow and for wave drag

in the forward sections of the wing and fuselage.

The drag summary (Figure 5.37) shows that the 40 degree leading-edge sweep design

does not have a drag advantage over the 22 degree sweep version of this wing/body. The

minimum drag case is just over 9 counts of drag higher with 40 degrees of sweep. Even the

minimum inviscid drag design is about one drag count higher at the higher sweep.

It may seem somewhat curious that even the inviscid drag is increased slightly with

higher sweep. There are a couple of explanations for this. The main reason is that when

span and area are held �xed, streamwise chord lengths do not increase with higher sweep

and therefore the streamwise thickness-to-chord ratios remain the same. In this situation,

volume wave drag may actually increase as the wing sweep approaches the Mach angle,

as is suggested by Ackeret linearized thin airfoil theory (assuming parabolic biconvex wing

sections):

cdlif t =
c2

l

4

p
M 2 cos2 � � 1

cos �

cdvol =
16
3

�
t
c

� 2 cos �
p

M 2 cos2 � � 1
;

where � is the wing sweep. Figure 5.38 shows that this is indeed the case for high aspect

ratio wings. In this example the lift coe�cient and airfoil t hickness happen to be at the

ratio that causes the volume wave drag increase to just cancel the decrease in lift-dependent

wave drag as sweep is increased. Consequently, there is little change in total wave drag for

wings swept forward of the Mach cone until the sweep angle approaches the Mach angle



Chapter 5. Example Design Problem 127

0 10 20 30 40 50 60
0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

sweep (deg)

C
d

AR = 10   FLO87
AR = ¥     shock-expansion theory
AR = ¥     Ackeret airfoil theory
AR = ¥     Ackeret wave drag -- lift
AR = ¥     Ackeret wave drag -- volume

Figure 5.38: Wave drag of high aspect ratio untapered wing with 3% thick biconvex airfoil at
Mach 1.8 and a lift coe�cient of 0.1. The Mach cone sweep is 56 degrees.
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Euler solver FLO87.
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where the volume wave drag increase dominates.

Figure 5.39 shows a similar wing-only result for an aspect ratio 3 wing at Mach 1.8.

Again, wing sweep has little e�ect on inviscid drag for small angles of sweep. After the

slight increase in drag as the Mach angle is approached thereis a substantial decrease

for wings swept behind the Mach cone. The true decrease, by the way, would likely be

larger than shown in the �gure since this wing does not take advantage of subsonic airfoil

sections nor of favorable twist and camber distributions that can decrease the drag further

for high-sweep wings.

5.3 Summary

The design studies in this Chapter provide some interestinginsight into supersonic NLF

wing/body design problems. First of all, it turns out that fu selage area-ruling is not incon-

sistent with natural laminar 
ow wing/body designs. Even th e optimizations minimizing

inviscid drag result in con�gurations that support quite a b it of laminar 
ow (at least in

the case of low sweep wings). The minimum drag designs do tradethe drop in viscous drag

for slightly higher inviscid drag, and for all three design studies that penalty is about two

counts of drag. This means that initial conceptual design studies (of low sweep con�gura-

tions) can assume that 70 to 80% laminar 
ow on the wing is achievable by adding a two

count penalty to the wave drag.

The designs studies of this Chapter also give some insight into the most e�ective design

variables that allow signi�cant increases in laminar 
ow wi thin this two drag count penalty.

In particular detailed airfoil control, especially near th e fuselage, is necessary to minimize

laminar instability growth. It would make sense for airfoil contouring to be done on the

same scale as the fuselage contouring (similar number of chordwise degrees of freedom).

Also the fuselage contouring should be independent above and below the wing|a circular

cross-section is too limiting. The 40 degree sweep design, inparticular, seems to be limited

by a compromise between fuselage contouring used to controltransition on the upper and

the lower wing surfaces while simultaneously not incurringa large wave drag penalty. A

wing height variable could also help with the independent control of upper and lower surface

pressure waves.

These observations suggest that quite a number of shape design degrees of freedom are

necessary for full control of transition with reasonable tradeo�s between viscous and inviscid

drag. This is not entirely surprising since boundary-layer transition is very sensitive to the

details of the pressure distribution. A guess at a reasonable upper bound for the number of

design variables useful for control of transition and drag on a wing/body is approximately

22 to 26: one on the fuselage ahead of the wing, then four on thefuselage above and below
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Figure 5.40: Pressure distribution and planform of the cranked delta con�guration.

the wing, a wing height variable, eight root airfoil variabl es (four for each surface) and four

to six airfoil variables at an intermediate span station. This list includes just the variables

for tweaking an existing design and obviously does not include necessary degrees of freedom

for meeting more basic sizing and multidisciplinary requirements. However, any analysis to

this detail would require very �ne numerical discretizatio n of the inviscid and boundary-

layer 
ows along with a much more advanced transition model,so it is a rather theoretical

upper bound at this time.

Another interesting conclusion of the design studies is that higher wing sweep, if it is

kept ahead of the Mach cone, is not necessarily a drag bene�t.In this case, the 40 degree

sweep design results in 10% lower L/D compared to the 22 degree case. The higher sweep

con�guration is a much more di�cult design from a laminar 
ow standpoint and does not

inherently result in lower wave drag either.

It is also interesting to compare the laminar 
ow designs to a conventional high-sweep

supersonic design. Unfortunately, it is not a simple matterto create an equivalent design for

comparison. A crude comparison is presented. To stay consistent with the NLF designs, the

fuselage, wing span and lift are kept the same and the wing area is similar. Figure 5.40 shows

the con�guration and pressure distribution on this high-sweep wing/body con�guration.

The wing planform area is slightly larger, at 1476 square feet, but the exposed wing area is

about the same as the laminar 
ow designs. Wing thicknesses are 2%, 3% and 4% at the



Chapter 5. Example Design Problem 130

0

2

4

6

8

10

12

14

dr
ag

 a
re

a 
(s

q 
ft)

fuselage
viscous

wing
viscous

inviscid

Figure 5.41: Drag breakdown for the 22o and 40o sweep NLF designs compared to a typical
conventional design.

root, crank and tip, respectively, with NACA 6-series pro�le s. Wing leading-edge sweep is

59 degrees outboard and 76 degrees inboard of the crank. Fuselage area ruling and wing

twist and camber are optimized for minimum inviscid drag (using the kriging method of

Chapter 4). Viscous drag is computed using von K�arm�an's logarithmic formula for turbulent

skin friction coe�cient corrected for compressibility.

The drag breakdown for all three designs is shown in Figure 5.41. The trade of viscous

and inviscid drag with sweep is clearly evident. In fact, the high-sweep cranked-delta

wing design has only just over 14% more total drag than the low-sweep laminar design even

though the wing viscous drag is over 4 times greater. The delta-wing con�guration, however,

is not the result of a multidisciplinary design study and therefore this is only a rough

comparison to the NLF designs. Low-speed cruise and takeo� and landing performance as

well as aeroelastic considerations could require a thickerwing or more wing area than the
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current delta-wing con�guration. This depends on the anticipated mission of the aircraft

since low-sweep designs typically have an advantage in the subsonic 
ight regime. On the

other hand, delta or cranked-arrow winged con�gurations have a distinct advantage if low

sonic boom is desired. This comparison also neglects empennages, trim drag, control and

stability constraints and engine integration issues.

Considerably more involved studies are required to make a fair comparison between con-

ventional and laminar aircraft designs, but the present analysis shows that the low-sweep

laminar 
ow airplane has the potential for signi�cant drag r eduction compared to conven-

tional supersonic aircraft. The importance of runway length requirements, the need for

e�cient subsonic cruise capability as well as the emphasis on low sonic boom characteris-

tics will dictate whether the advantage of the low-sweep NLF design is only slight or truly

signi�cant.
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Conclusions

A design-oriented aerodynamic analysis has been developed that facilitates design trade

studies or numerical optimization of supersonic aircraft employing laminar 
ow. This

method, based on a modi�ed sweep/taper viscous analysis andparametric �ts to linear

stability results, permits rapid computation of boundary-l ayer properties including esti-

mates of transition location and total drag. Although approximate, it provides important

guidance in the advanced design of laminar wings.

This chapter, in the following sections, summarizes the limitations of the method, ob-

servations about its use in design optimization and ideas for its extension and improvement.

6.1 Limitations of the Method

The boundary-layer method and the rapid transition scheme have both been developed

speci�cally for wings in atmospheric supersonic 
ow with sharp leading edges swept ahead

of the Mach cone. Furthermore, the transition scheme is tuned to work in atmospheric

conditions at Mach numbers of 1.4 through 2.2 on wings with nosurface cooling or suction

with chord Reynolds numbers up to 80 million. These basic limitations are not fundamental

to the methodology, only to this particular implementation .

The boundary-layer code, being a space-marching �nite-di�erence solver, has the same

limitations as traditional two-dimensional codes, such as the inability to march through re-

gions of boundary-layer separation including separation bubbles and some shock/boundary-

layer interactions. Even 
ows that get too close to separation can cause problems. These

limitations are of little concern since NLF con�gurations g enerally avoid shock impingement

and boundary-layer separation bubbles. The quasi-3D approximation of the sweep/taper

theory further limits the code to wings with straight leadin g and trailing edges and not too

much twist. Aspect ratios should theoretically be fairly large, but, as shown in Chapter 2,

132
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the new improvements to the sweep/taper theory permit accurate solutions on very small

aspect ratios in supersonic 
ow. Again, the interest in NLF wings limits the boundary-layer


ow to small cross
ow velocities which helps remain within t he applicability of sweep/taper

theory.

The transition prediction scheme has many limitations outlined in x3.5 on page 79, not

the least of which are all of the inherited limitations of lin ear stability theory. The simpli-

fying assumptions for the supersonic NLF application are also limiting. The analysis is spe-

cialized for smooth, low-sweep wings with purely concave airfoil pro�les in low-disturbance


ows. This series of assumptions are used to neglect G•ortler vortex modes (important only

on convex surfaces), traveling cross
ow modes (important in high free-stream turbulence

environments) and attachment line instabilities (importa nt on wings with large leading-edge

sweep angles and large nose radii). Additionally, instability growth rates in large adverse

gradient environments may not be modeled as accurately because the method is developed

primarily for 
ows with favorable streamwise pressure gradient.

6.2 NLF Design Observations

The optimizations carried out with the present method suggest that, for low-sweep con�g-

urations, reasonably small modi�cations to a low wave drag design is necessary to increase

and even maximize the laminar 
ow extent. In particular, small changes to the airfoil shapes

and fuselage contours are used to modify the pressure distribution on the wing. For the

example corporate jet designs of Chapter 5, a two count penalty in the inviscid drag is all

that is necessary to achieve over 80% laminar 
ow on the wing.For higher sweep designs,

however, the situation is more complex as suggested by the 40degree sweep example where

extensive laminar 
ow is considerably more di�cult to achie ve.

The moderately higher sweep of the 40 degree con�guration may not present enough of

a sonic boom and structural weight advantage over the low-sweep design to o�set the higher

drag. Sweeps aft of the Mach cone, however, might o�er enoughadvantage to make trading

o� some laminar 
ow sensible. An interesting approach to thi s problem has been proposed

by the National Aerospace Laboratory of Japan as part of the NEXST program [78]. One

of the goals of NEXST is to demonstrate a high-sweep supersonic aircraft that achieves

a substantial amount of laminar 
ow on the upper wing surface. Their innovation is the

design of a wing that has a very 
at pressure distribution on the upper surface allowing high

sweep without signi�cant spanwise pressure gradient whichminimizes the boundary-layer

cross
ow. Geometric and total lift constraints prevent thi s from being possible on both

the upper and lower surfaces simultaneously. Additionally, the nearly 
at-plate pressure

distribution means that transition will be limited by TS ins tabilities at chord Reynolds
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Figure 6.1: A highly-cranked delta-wing NLF con�guration.

numbers on order of 10 million multiplied by the Mach number (according to Figure 1.5

on page 4). Nevertheless, 20% to 30% laminar 
ow on a highly swept wing is still a very

interesting compromise.

Another concept that also promises to allow higher wing sweep angles is the use of

distributed roughness to control cross
ow instability. Th is phenomenon, discovered by

William Saric at Arizona State University [31], promises to allow relatively large amounts

of cross
ow while delaying transition. It involves passive control of the laminar instability

modes themselves by exciting, with tiny regularly-spaced bumps on the wing, cross
ow

modes of certain wavelengths which then steal energy away from critical wavelength modes

that would otherwise amplify and cause transition. This passive control method may allow

highly swept wings in supersonic 
ow to support extensive laminar 
ow as long as su�cient

favorable streamwise pressure gradients can be maintainedto control the TS growth.

Either of these ideas, or a combination of the two, could permit feasible supersonic

NLF designs with highly swept wings. A fusion of the advantages of high sweep with the

reduction in skin friction of laminar 
ow would constitute a truly revolutionary advance in

aerodynamics.

A cranked-delta con�guration with low-sweep outer panels could also result in an ad-

vantageous compromise between laminar 
ow and inviscid drag. The outboard section of a

cranked-delta wing would be unswept to about 20 degrees at theleading edge and bene�t

from supersonic natural laminar 
ow (see, for example, Figure 6.1). This may make a par-

ticularly good con�guration for large transport aircraft s ince chord Reynolds numbers can

be kept su�ciently small on the laminar wing sections.

It should be noted that true multidisciplinary trade studie s or optimization must be used

to make true comparisons of designs with di�erent sweep angles. Since so many aspects of

the design are coupled by the di�erent disciplines, a truly \better" design cannot be found

by a simple drag minimization like those of Chapter 5. Highersweep wings will generally

result in lower sonic booms, and possibly lower wave drag, but poorer subsonic performance
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which could be a strong design driver if the typical mission pro�le involves long subsonic-

over-land legs. Low-sweep NLF wing strength requirements aretypically dominated by

aeroelastic divergence, whereas the higher-sweep versionsare probably constrained by un-

steady aeroelasticity and maneuvering loads.

Unfortunately, NLF designs with the blunt leading edges common in high-sweep super-

sonic wings cannot be analyzed directly with the present method. This capability should

be relatively simple to add and is one of the items of future work covered in the following

section. The control of cross
ow instabilities with distri buted roughness, however, is con-

siderably more di�cult to incorporate in the present method . Some ideas on how it might

be done can be found inx3.5 on page 79.

6.3 Improvements and Future Work

Besides improvements to details of the numerical algorithmoutlined in x2.5 on page 41,

the present sweep/taper code should be extended to allow analysis of blunt-nosed wing

sections. Calculations on blunt and swept leading edges would begin with the solution of the

attachment line equations as the initial condition instead of the present sharp-edge starting

conditions. This is the only major change to the boundary-layer code. However, transition

prediction on blunt leading edges will probably require further re�nement of the parametric

�ts. The laminar instability modes present on high-sweep wings with blunt leading edges

may lie outside the parameter ranges used to create the present �ts, particularly near the

leading edge itself.

The transition prediction method is the least mature portion of the present work and

can bene�t the most from improvements. As discussed in Chapter 3, there are many areas

that can be improved. Comparison with more experimental results is perhaps the top neces-

sity to both improve the N-factor correlation and understand the limitations of the present

approach. Unfortunately, there have been very few transition experiments conducted on

low-sweep wings in low-disturbance supersonic 
ow. Comparison with compressible three-

dimensional nonlinear PSE-based transition prediction methods could also be used to sup-

plement experimental data (such codes are currently only beginning to become available,

however).

Other high-priority improvements involve the �tting techni que. As described inx3.5

on page 79, the present parametric �tting methodology itself introduces simpli�cations

to the instability growth estimates and therefore can reduce the accuracy of transition

prediction. The primary improvement is the abandonment of the envelope �tting scheme

in favor of �tting each individual instability mode. Such an approach has been successfully

applied by previous researchers for incompressible 
ows [51, 46]. Fitting individual modes,
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although a much more involved task than the present method, should result in more accurate

parametric �ts particularly for three-dimensional 
ows. Ex tensions of the parametric �tting

method can also be devised to account for surface heating andcooling e�ects, wall suction

and other transition control schemes such as the distributed roughness technique.

Integration of the boundary-layer analysis in design optimization can bene�t from fur-

ther work. One of the more important basic areas of improvement is smoothing of the

transition front movement. In optimization, particularly when gradients are used, noise

in the objective and constraint function evaluations will i mpact e�ciency and may cause

the optimization to fail completely. Since transition to tu rbulence is a sudden on-o� phe-

nomenon, any objective function that includes viscous dragcannot always be smooth and

di�erentiable because the transition front can jump discontinuously. Additional noise caused

by the discretization of the equations, however, should be avoided. This is not an easy task

since transition is very sensitive to small changes in the pressure distribution on the wing

and therefore ampli�es any non-smooth variation of local pressures. The pressures and

velocities computed on a surface grid by an inviscid solver need to be carefully interpolated

onto the computation arcs of the sweep/taper boundary-layer code without introducing

noise as the arcs slide over the surface grid when the geometry is modi�ed by the optimizer.

High-order interpolants are necessary to maintain at least acontinuous �rst derivative of

pressure. Additionally, the transition location needs to be interpolated smoothly between

grid points in the boundary-layer solution. This entire process is not quite smooth enough

in the current implementation.

The details of the drag accounting also need more attention if the method is used directly

for design (as opposed to trade studies and comparisons). A few considerations that are

not presently computed include the turbulent wedge at the wing root that is triggered by

turbulence in the fuselage boundary layer. Also, trailing-edge control surface gaps and

hinges will most likely trip any laminar 
ow and thicken a tur bulent boundary layer which

can increase the viscous and pressure components of drag. The wing tip region may need

special attention as well, depending on the details of the tip design. On the fuselage, some

laminar 
ow may be attainable near the nose. This, again, depends on details such as air

data probes and cockpit window and cabin door designs. Approximations of these NLF-

speci�c e�ects on drag should be included in drag computations in addition to the usual

preliminary design drag increments.

6.4 Final Comments

The present analysis, based on an improved sweep/taper boundary-layer code and a fast

and robust transition prediction method, is a �rst step towa rds new capabilities for design
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of supersonic natural laminar 
ow aircraft. Much work still needs to be done to include

the analysis code in a multidisciplinary design optimization framework and to verify and

improve the accuracy of the transition prediction. Future extensions to the method should

allow it to analyze a variety of other unusual supersonic aircraft concepts and assist the

designer in making intelligent tradeo�s between the con
icting requirements of natural

laminar 
ow aircraft.

Lastly, it is important to remember that the present approach is specialized for the

preliminary aircraft design stage, itself trading accuracy for speed and robustness, and

therefore should always be backed up with full three-dimensional analyses including detailed

boundary-layer stability calculations and experiments.



Appendix A

Boundary-Layer Equations in

Cylindrical Coordinates

A.1 Notes on Derivation

The three-dimensional, steady boundary-layer equations in cylindrical coordinates are easily

derived from the Navier-Stokes equations in divergence form:

r � (�u ) = 0

�u � r u = �r p + r � �

�u � r (h + u2=2) = r � (� � u) � r � q

with the usual assumptions:

h = cpT q = � � r T

� ik = �
�

@uk
@xi

+
@ui
@xk

�
�

2
3

� (r � u)� ik :

Writing these equations in cylindrical coordinates is straightforward, but tedious. A few

properties of unit vectors in cylindrical coordinates are needed:
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conventional Bradshaw
@r � @z
r@� @x
@z @y
ur � w
u� u
uz v
r ro or (ro � z)

Table A.1: Conversion from the conventional cylindrical coordinate variables to Bradshaw's
cylindrical coordinates.

along with great care expanding the stress tensor, which should be written as:

��� � � ik �ei �ek = �
�

@ui �ei

@xk
�ek + �ei

@uk �ek

@xi

�
�

2
3

� (r � �u)� ik �ei �ek :

The summations over i and k take on the valuesr , � and z. Further details can be found

in Appendix E of Thompson [79].

This process results in the Navier-Stokes equations in cylindrical coordinates. For this

thesis, Bradshaw's coordinate system is used, which rede�nes all variables according to

Table A.1 (see also Figure 2.2 on page 12).

The usual scaling arguments can then be made to extract the thin viscous layer approx-

imation (see, for example, Schlichting [30]). The equations are nondimensionalized using

U1 for the velocities andL , the chord length, for the spatial coordinates. It is assumed that

y=L is small compared to unity, and that L and ro are the same order of magnitude. Then

the viscous terms containing derivatives with respect toy dominate the others, collapsing

the y{momentum equation to just @p=@y= 0 and the rest of the equations to the form

given in x2.3.1 and repeated here:
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A.2 Laminar Scaling

It turns out that the laminar equations allow a similarity tr ansformation that make them

invariant to the radius, ro, at which the solution is sought. This is the property that

allows the so-called conical 
ow approximation used by Kaupsand Cebeci [9] and permits

the present extension of Bradshaw's turbulent 
ow sweep/taper theory [7] to the laminar

equations.

The invariance with respect to ro is easily demonstrated with the following variable

transformation:

x̂ = x=ro ŷ = y=
p

ro

ẑ = z=ro v̂ = v
p

ro:

Plugging the transformed variables into the continuity equation allows ro to be canceled

out:
1
ro

@�u
@̂x

+
1
ro

@�̂v
@̂y

+
1
ro

@�w
@̂z

�
�w
ro

= 0 :

Similarly, the complete set of boundary-layer equations become:
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: (A.4)

Since ro does not appear in any of these equations, the only dependence of the solution

to radius can arise in the boundary conditions. On a swept andtapered wing, surface

conditions may depend onro only if wall heat 
ux or mass 
ux terms depend on span (when

written in the transformed variables). The external boundary condition is the inviscid 
ow

solution. On a semi-in�nite swept and tapered wing with no twi st, the inviscid 
ow is

independent of spanwise location because of the lack of a de�ning length scale. For a �nite

wing the practical limitation is that the isobars must lie pa rallel to the generator lines. In

other words, the pressure distribution should only depend on x̂. This is approximately true

for wings of high aspect ratio without much twist or spanwise change in airfoil section. It
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is also a good approximation for low aspect ratio wings of lowsweep in supersonic 
ow.

If the boundary conditions are invariant with respect to ro, Equations A.1 through A.4

can be solved once and apply to all values ofro simply by scaling the result. Consequently,

boundary-layer 
ows on swept and tapered wings can be approximated by solving the

equations at one spanwise location and then scaling the thickness by
p

ro to get the solution

at any other span station.



Appendix B

Picking Points for Quadratic

Response Surface Estimate

In order to create a quadratic �t of a function, that function has to be sampled at some

number of points. There have to be enough points sampled to solve for all the coe�cients

in the equation of a quadratic,

f = a + bi x i + cij x i x j :

Noting that cij has to be symmetric, the number of unknowns (the scalara, the vector b,

and the matrix c) turn out to be ( N + 1)( N + 2) =2 in N dimensions. So if the function is

sampled at that many points, the unknown coe�cients can by found as the solution of a

linear system of equations.

As one might guess, the points have to be placed in the design space in such a way as to

not make the system of equations singular. This turns out notto be a trivial problem when

in spaces of many dimensions|a random scattering of points will fail to correctly span the

space a signi�cant amount of the time.

One way to pick the points is to evaluate the function at some guessed location, then

perturb that location along each coordinate, both in the positive and negative directions,

and then perturb, in the positive direction, all combinatio ns of pairs of coordinates. In two

dimensions, for example, this process will yield the stencil of points shown in Figure B.1.

As can be seen in the �gure, this set of points is not symmetric. The �t will likely be more

accurate in the �rst quadrant than elsewhere, and this could adversely a�ect the e�ciency

of a response surface optimization algorithm that is based on such �ts.

The \best" stencil of points would be one that most evenly spans the space. This can be

quanti�ed by choosing the stencil that minimizes the condit ion number of the linear system
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X2

X1

Figure B.1: A stencil of points in two dimensions that can be used to sample afunction to
make a quadratic �t of that function.
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Figure B.2: Initial and optimized stencil of points for quadratic �ts in two dimensions.
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    X1             X2
  0.7321      0.7321
  0.2679    -1.0000
-1.0000      0.2679

Figure B.3: The \best" 2-D stencil of points arranged to maximize the area ofthe triangle
inside a square trust region (the coordinates of the three vertices are listed in the table on the
right.)

of equations used to solve for the coe�cients of the quadratic. Figure B.2 is a result of

such an optimization carried out with NPSOL [66]. Interestingly, the optimized stencil is a

triangle with points at each vertex and at each edge midpoint. The three sets of collinear

points coincide with the three independent elements of the Hessian. This suggests that the

general multidimensional solution consists of points at the vertices of a regular simplex and

at the midpoints of each outside edge. Such an arrangement results in a collinear set of

three points for each element of the Hessian and the correct total number of points.

Typically, a quadratic �t of a function is used as a local approximation within a speci�ed

region. If the region is de�ned as a hypersphere (or n-ball), agood placement of the sample

points is to have the vertices of the simplex lie on the surface of the hypersphere with its

centroid coincident with the center of the hypersphere.

If, however, the region is de�ned as a hypercube, the best orientation of the simplex is not

obvious. One possibility is to �x the centroid of the simplex at the center of the hypercube

and then rotate the simplex until its volume is maximized. Figures B.3 and B.4 show the

results of this maximization in two and three dimensions. A triangle does not �t nicely

inside a square, but in three dimensions a tetrahedron does �t inside a cube. Figure B.5 is

a shaded isometric illustration of the tetrahedron, at center, with the other portions of the

cube being peeled away. Interestingly, a regular simplex usually does not �t nicely inside a

hypercube. Table B.1 lists the coordinates of the vertices of the simplex-in-a-cube problem

up to seven dimensions. The simplex �ts neatly inside a hypercube only in three and seven



Appendix B. Quadratic Response Surface 145

-0.5

0

0.5

1

-1

-0.5

0

0.5

1
-1

-0.5

0

0.5

1

X1
X2

X
3

 X1 X2 X3
 -1  1 -1
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Figure B.4: The \best" 3-D stencil of points arranged to maximize the area ofthe tetrahedron
inside a cubic trust region (the coordinates of the four vertices are listed in the table on the
right.)

Figure B.5: An isometric view of the tetrahedron from the previous �gure.Imagine cutting the
cube into the �ve pieces shown. The biggest tetrahedron is atthe center.
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dimensions. Note that for each case, the listed orientationis not unique. There are, for

example, four equivalent orientations in two dimensions occurring at 90 degree increments.

One drawback to this approach of selecting sample point locations is that the centroid

is never evaluated. When quadratic �ts are created about some baseline location, an extra

function evaluation is necessary if the set of points is centered about that baseline and the

value at the baseline is desired for comparison purposes.
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2D:
-0.7321 -0.7321
1.0000 -0.2679

-0.2679 1.0000

3D:
-1.0000 1.0000 -1.0000
1.0000 -1.0000 -1.0000
1.0000 1.0000 1.0000

-1.0000 -1.0000 1.0000

4D:
-0.6321 -1.0000 1.0000 -0.0464
-0.6321 -0.0464 -1.0000 1.0000
0.8963 0.7299 0.7299 0.7299

-0.6321 1.0000 -0.0464 -1.0000
1.0000 -0.6835 -0.6835 -0.6835

5D:
-0.7976 -0.7976 0.7976 -0.7976 -0.7976
1.0000 -1.0000 -0.1819 -0.3843 1.0000

-0.3843 1.0000 -1.0000 -1.0000 0.1819
1.0000 1.0000 1.0000 0.1819 -0.3843
0.1819 -0.3843 -1.0000 1.0000 -1.0000

-1.0000 0.1819 0.3843 1.0000 1.0000

6D:
1.0000 -1.0000 -1.0000 0.5912 0.1409 -0.6547
0.6547 1.0000 0.1409 1.0000 -0.5912 1.0000
0.1409 -1.0000 0.6547 -1.0000 -1.0000 0.5912

-1.0000 -0.5912 1.0000 1.0000 0.6547 -0.1409
0.7956 0.7956 0.7956 -0.7956 0.7956 -0.7956

-0.5912 0.1409 -1.0000 -0.6547 1.0000 1.0000
-1.0000 0.6547 -0.5912 -0.1409 -1.0000 -1.0000

7D:
-1 -1 -1 -1 -1 -1 1
-1 -1 1 -1 1 1 -1
1 -1 -1 1 -1 1 -1

-1 1 1 1 -1 1 1
1 -1 1 1 1 -1 1

-1 1 -1 1 1 -1 -1
1 1 1 -1 -1 -1 -1
1 1 -1 -1 1 1 1

Table B.1: Coordinates of vertices of the \ideal" simplex up to 7 dimensions.
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Ordinary Kriging

This appendix provides a short overview of ordinary krigingwith emphasis on its use in the

response surface optimization techniques described in Chapter 4.

Kriging is an interpolation method that originated in the ea rth sciences to �t geological

data. The �eld of study from which it evolved is called geostatistics, and, accordingly,

kriging involves statistics and random function theory. Interestingly, the name kriging

originated from one of the method's big proponents attributing the original idea to D. G.

Krige, although it is now used in the lower case as both a noun and a verb [80].

Nevertheless, its biggest advantage is that it is very easy to implement in an arbitrary

number of dimensions. The basic idea is that a weighted linear combination of values at

the sampled data locations are used to interpolate a function. What kriging tries to do is

come up with the best linear estimator by minimizing the error of the estimation. Because

the actual function is not known, the error is modeled with statistics and then minimized,

resulting in a linear system of equations for the weighting factors. These weights are di�erent

for each location at which the interpolation is performed.

Kriging provides a few degrees of freedom that can be adjusted to change the behavior

of the �t: an entire one-dimensional covariance function. The covariance describes the

probability that the function to be �tted has, at a given poin t, a value similar to known

values nearby. Two covariance models are used in the examples here: the Gaussian (denoted

as p = 2) and the exponential (p = 1). Both covariance models also vary in scale: they can

be stretched out or squashed depending ona, the \range parameter."

Below is a description of the version of ordinary kriging used in the following examples

and in the kriging response surface algorithm of in Chapter 4. There are some variations of

the method; the one presented here follows Isaaks and Srivastava [70].

A function, v, is sampled at n points and an interpolation between those points is
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desired. The interpolated value at x0 is denoted asv0 and de�ned by:

v0 =
nX

i =1

wi vi ; (C.1)

where the vi s are values of the then sample points taken at the locationsx i . The weights,

wi , are found by solving the linear system:
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where � is a byproduct: a Lagrange multiplier resulting from the constrained minimization

of the statistical error estimate.

The Cij s appearing in Equation C.2 are covariance values de�ned, inthis implementa-

tion, by:

Cij = exp
�

� 1:5
�

jx i � x j j
a

� p�
:

The Euclidean norm in the covariance equation is the only place the number of dimensions

appears. This is why this method is just as easy to implement in one dimension as it is in

35 (or N ).

The following examples show some basic behaviors of kriginginterpolants. In Figure C.1,

�ts with the exponential and Gaussian covariance functions are compared. It is strange

that the result with the Gaussian covariance is essentiallya cubic spline. Although only

true in one dimension, the Gaussian covariance does result in smooth and di�erentiable

interpolations in any number of dimensions. Figure C.2 shows the same dataset except

with two sample points taken very close to each other (they appear superimposed on the

plot). The linear system of equations becomes close to singular in the p=2 case unless the

range parameter, a, is reduced to very small values. The �t looks funny because most of the

interpolated points are so distant from the sampled points that they just take the average

value of all the sampled data (distance is scaled by the rangeparameter, so anything much

greater than 0.04 units away is very far in this case).

Strange behavior with the Gaussian covariance function in two dimensions is shown in

Figure C.3. The random function underpinnings of kriging comes out in this case where

the interpolation acts as if it has been over constrained andbecomes erratic. The p=1 �t

always seems to be well-behaved, but has limited use as a surrogate model for numerical
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Figure C.1: Kriging univariate interpolation: with an exponential covariance (p=1) the curve
�t is linear in 1-D and somewhat 
at in higher dimensions. With a Gaussian covariance (p=2),
the �t becomes equivalent to the cubic spline in 1-D.
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Figure C.2: Kriging univariate interpolation: result of two sample points placed too close
together.
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Figure C.3: A 2-D interpolation of a curved step function (a waterfall). The sample points are
at top left. An algorithm by Akima is at top right. At bottom is the kriging result with p=2 at
left and p=1 at right.

optimization. As can be seen in the one-dimensional plots, the 
at p=1 �t is unable to

predict the location of a function minimum since the lowest sample point is always the

minimum of the interpolation.

The di�erentiable p=2 interpolant is, in principle, well-su ited as a predictor of a func-

tion minimum and is convenient since a gradient-based optimizer can be used to �nd the

minimum of the interpolation. The behaviors shown in Figures C.2 and C.3 are, however,

to be avoided.

A simple conclusion is that, at least when using the ordinarykriging formulation, the

�t should not be used as a global interpolant. Instead, only the last few points evaluated

by the optimization algorithm are interpolated. This appro ach avoids the large scaling

disparities, similar to that in Figure C.2, that are common i n optimization as the areas

near the optimum are re�ned. It also avoids erratic �ts such as that of Figure C.3 if

the number of sample points are not much more than what is required to �t a low-order

polynomial. In that case, kriging does a very good job of �tting the polynomial. Figure C.4
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Figure C.4: At right is a kriging estimate of the parabola at bottom left evaluated a random
set of six points at top left.

is a two-dimensional example. Six randomly placed points very nearly always result in a

kriging �t that matches a quadratic polynomial with no stran ge behavior.



Appendix D

Modi�ed Akima Univariate

Interpolation Method

Interpolation routines are often useful for optimization problems, both as the �tting function

in a response surface approach, and as a simple and e�ective method to reduce problem

dimensionality. This appendix presents a method of univariate interpolation that is very

well suited to the latter need. It is a modi�cation, and impro vement, of an Akima curve

�tting technique.

D.1 Introduction

Hiroshi Akima, in 1970, published a one-dimensional �tting method that has some very

desirable properties [81]. It avoids the wiggling common tomany interpolation methods,

such as the classic cubic spline (see Figure D.1 as an example) and is generally smoother

than tensioned splines or monotonic splines. Akima's algorithm is, again unlike the cubic

spline, a local method meaning that there is no matrix to invert that grows with the size

of the dataset to be interpolated. It also means that making aseemingly benign change far

away from the region of interest does not have an e�ect on the region (which is intuitive,

but often not how interpolation algorithms behave).

Another interesting property of the method is that it usually results in very pleasing

interpolants. Akima claims that his \method is closer to a manually drawn curve than

those drawn by other mathematical methods" [81]. He does, infact, compare various

mathematical �ts with the result of averaging six people's manually drawn curves though

the provided data points.

In 1991, Akima published an update to the 1970 algorithm (hereafter referred to as

Akima91 and Akima70, respectively). This method [82, 83] addresses some shortcomings

153
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Data Points

Cubic Spline

Present Method

Figure D.1: Cubic spline interpolation compared to the present modi�ed Akima method illus-
trating the unexpected extraneous wiggles that often result.

Data Points

Parabola

Akima91

Present Method

Figure D.2: A comparison of Akima's 1991 algorithm and the present method. The middle 5
data points lie on a parabola, which the present method does a better job of interpolating.
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of the original. The original method is a bit \
at happy." Sin ce one of the main goals is an

interpolant that does not wiggle, the Akima70 algorithm favors straight lines when three

points are collinear and does a great job with, for instance,step functions. It does this to

a fault, however, since three points can coincidentally be nearly collinear and the resulting

curve is much 
atter than what seems reasonable. Another drawback is that the Akima70

algorithm does depend on point spacing. If, for instance, a parabola is �tted, the Akima70

algorithm will interpolate slightly di�erently depending where the data points are picked

(it only returns a parabola if the data points are equally spaced). Both of these problems

are addressed by the Akima91 method.

The present method is based on Akima91, but modi�ed to address some strange behavior

noticed by the author. Figure D.2 illustrates the problem. The data points in the middle lie

on a parabola, but the curve is forced to begin and end as a 
at line. As can be seen near

the bottom of the parabola, the Akima91 method shows some strange-looking curvature,

whereas the present method follows the parabola closely.

D.2 Overview of Akima's Univariate Methods

Akima's basic approach is to use a cubic polynomial as an interpolant between the data

points. To de�ne the cubic, a slope is required at each data point in addition to the value

of the point itself. The interpolating polynomial is writte n between thei th and i + 1st data

points as:

y = a0 + a1 (x � x i ) + a2 (x � x i )
2 + a3 (x � x i )

3 ; (D.1)

with coe�cients de�ned by

a0 = yi

a1 = y0
i

a2 =
3mi � 2y0

i � y0
i +1

x i +1 � x i

a3 =
y0

i + y0
i +1 � 2mi

(x i +1 � x i )
2 ;

and,

mi =
yi +1 � yi

x i +1 � x i
; (D.2)

which is the slope of the line segment passing through the data points.

The method of determining the derivatives, y0, is what makes the Akima methods

unique. The method for avoiding wiggles in the interpolatedresult is by using a weighted



Appendix D. Modified Akima Interpolation Method 156

average of candidate slopes. The weights are arranged to be larger for the slopes derived

from data points that are more collinear. In the Akima70 method, for instance, the deriva-

tive at the data point Pi is a weighted average of the slopes of the two line segments passing

through Pi � 1 and Pi and through Pi and Pi +1 :

y0
i = wi � 1mi � 1 + wi mi ;

where,

wi � 1 =
jmi +1 � mi j

jmi +1 � mi j + jmi � 1 � mi � 2j

wi =
jmi � 1 � mi � 2j

jmi +1 � mi j + jmi � 1 � mi � 2j
;

and the ms are the obvious extension of Equation D.2. The method, therefore, heavily

weights the slope if the two adjacent line segments have nearly the same slope. This

property helps avoid extraneous wiggles and allows natural-looking interpolation of step

functions, but also favors 
at segments a bit too much.

In the 1991 method, Akima keeps the same basic idea, but changes its implementation.

He decided that it would be good to be able to reproduce an interpolated cubic polynomial

when the data lie on a cubic. He accomplishes this by continuing to use a weighted average

to compute the derivative, but instead of using line segmentslopes, he uses the derivative

of cubic polynomials that are �t through nearby data. In othe r words, the derivative is

y0
i =

P
wk f 0

kP
wk

(D.3)

where f 0
k is the computed derivative at Pi of a third-order polynomial passing through Pi

and three other nearby points:

f 0
1 = F (Pi � 3; Pi � 2; Pi � 1; Pi ) (D.4)

f 0
2 = F (Pi � 2; Pi � 1; Pi ; Pi +1 ) (D.5)

f 0
3 = F (Pi � 1; Pi ; Pi +1 ; Pi +2 ) (D.6)

f 0
4 = F (Pi ; Pi +1 ; Pi +2 ; Pi +3 ) : (D.7)

The weights are inversely proportional to the product of what Akima calls a volatility

measure and a distance measure,

wk =
1

vkdk
: (D.8)



Appendix D. Modified Akima Interpolation Method 157

least-squares fit
cubic polynomial fit

(a)

(b)

data points

Figure D.3: Present volatility measure compared to Akima91. Two sets of data points are �t
with linear regression and with a cubic polynomial. The volatility measure of Akima91 is similar
for (a) and (b). The present volatility measure favors (a) over (b).

The distance factor is the sum of squares of the distance fromPi and the other three points:

d1 = ( x i � 3 � x i )
2 + ( x i � 2 � x i )

2 + ( x i � 1 � x i )
2

d2 = ( x i � 2 � x i )
2 + ( x i � 1 � x i )

2 + ( x i +1 � x i )
2

d3 = ( x i � 1 � x i )
2 + ( x i +1 � x i )

2 + ( x i +2 � x i )
2

d4 = ( x i +1 � x i )
2 + ( x i +2 � x i )

2 + ( x i +3 � x i )
2 :

And the volatility factor, vk , is the sum of squares of deviation from a least-squares linear

�t of the four points (the same sets of four points appearing in Equations D.4 through D.7).

D.3 Present Method

The present method is a modi�cation of the Akima91 algorithm which di�ers most im-

portantly in the volatility measure. The intent, as in the or iginal Akima70 method, is to

weigh derivatives heavily if they are derived from a set of points that are close to being

collinear. This is the reason for using weights that are inversely proportional to the sum of

squares deviation from a linear �t. Since, however, derivatives themselves come from cubic

polynomial �ts, it seems more natural to use the curvature of these cubics as a volatility

measure rather than the deviation from a linear least-squares �t.

The thinking is that calculating the volatility measure and derivative values using the
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Data Points

Cubic Spline

Present Method

Figure D.4: Unexpected extrapolation behavior due to spline end condition. The Akima91
algorithm, as originally published, is identical to the cubic spline for this case.

same curve �tting procedure favors the 
atter �ts more e�ect ively. For example, Figure D.3

shows two sets of four data points with similar sum of squaresdeviation from its linear least-

squares �t. In fact, cubic �t (b) is slightly favored over (a) by the Akima91 algorithm. The

present method, however, uses the square of the second derivative as a volatility measure

and therefore strongly favors (a). The problem with Akima's 1991 method is that the

least-squares approach, while a reasonable measure of collinearity of the data, is not a good

measure of the desired property: the relative 
atness of a cubic �t through the points.

The present method is pieced together as follows. The same basic structure developed by

Akima is used, namely, the interpolant is a cubic (Equation D.1) with endpoint derivatives,

y0
i , de�ned by a weighted average (Equation D.3) with weights de�ned by Equation D.8.

The remaining parameters needed to de�ne the curve �t are the candidate slopes,f 0
k ,

volatility factor, vk and distance measure,dk . The distance measure is the same as in

Akima91 (sum of squares of the distances fromPi and the other three points) as are the

candidate slopes (the derivative of an interpolating cubicat Pi ). The volatility measure, as

discussed previously, is the square of the maximum second derivative of the interpolating

cubic (the second derivative is linear along a cubic, so it isevaluated at each end, squared,

and the bigger value is taken to bevk ).

The slopes, volatility and distances are computed using twomore sets of points than in

Akima91. The extra points do not make much of a di�erence to the �nal result, but seem to

slightly improve the quality of the �ts on the particular dat a sets used in the development



Appendix D. Modified Akima Interpolation Method 159

of the present method. Nevertheless, these are the chosen sets of points:

(Pi � 3; Pi � 2; Pi � 1; Pi )k=1

(Pi � 3; Pi � 1; Pi ; Pi +1 )k=2

(Pi � 2; Pi � 1; Pi ; Pi +1 )k=3

(Pi � 1; Pi ; Pi +1 ; Pi +2 )k=4

(Pi � 1; Pi ; Pi +1 ; Pi +3 )k=5

(Pi ; Pi +1 ; Pi +2 ; Pi +3 )k=6 :

The �nal di�erence from Akima91 is in the end conditions. Alt hough one of the goals

of the Akima91 routine is to be able to reproduce a third-order polynomial, this is not

always desirable. Figure D.4 compares the Akima91 algorithm with the present method.

The main reason for the di�erence between the two is the spline boundary condition. The

present method uses a quadratic boundary condition to eliminate unexpected weirdness at

the ends. Three \ghost" points are extrapolated to extend the original data set using a

quadratic polynomial �t to the last three points at each end o f the original data.



Appendix E

Complex-Step Derivative

Approximation Method

Some interesting aspects of the complex-step derivative method are presented here. Further

details can be found in the extensive works by Martins [63, 64, 65, 62].

E.1 Derivation

There are many ways to derive or prove the complex-step derivative method. The following

version is somewhat di�erent from the other three in Martins [65]; it is an attempt to

elucidate how the method works without being deceptively simple.

The complex-step method �nds the derivative of a real-valued function, f (x), by ana-

lyzing f (z) where z is a complex variable. Sincef is a univariate function, the derivative

with respect to its argument, f 0, is de�ned as:

df (z)
dz

= lim
z0 ! z

f (z) � f (z0)
z � z0

:

It is important to remember that the decomposition of a complex variable, z, into real

and imaginary parts, x + iy , is somewhat arti�cial and does not turn f (z) into a function

of two variables. In other words, basic rules of di�erentiation state that df (a + b)=da =

df (a + b)=db= f 0 and the same reasoning holds for a function of a complex variable. This

means that the following formulas are equivalent:

f 0(x) = lim
� x ! 0

f (x + � x) � f (x � � x)
2� x

(E.1)

f 0(x) = lim
� y! 0

f (x + i � y) � f (x � i � y)
2i � y

: (E.2)

160
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Equation E.1 is the basis of the standard central di�erence formula when � x is taken as

�nite but small. Equation E.2, however, can be reduced to a very bene�cial form by taking

advantage of symmetries of complex functions.

These symmetries can be seen by taking a Taylor series expansion of f (z). The series

is written for z = x + i� and is valid if f is analytic (di�erentiable) at least everywhere in

the complex plane within a circle centered onx with radius � :

f (x + i� ) = f (x) + i�f 0(x) �
� 2

2!
f 00(x) � i

� 3

3!
f 000(x) +

� 4

4!
f (4) (x) � i

� 5

5!
f (5) (x) + : : : (E.3)

Notice how all of the terms with � raised to an even power are real, and the odd terms are

all imaginary. A decomposition of f into real and imaginary parts, f (z) = u(z) + iv (z),

results in an interesting observation: u(x + i� ) is an even function in � and v(x + i� ) is an

odd function. In other words:

u(x � i� ) = u(x + i� ) and v(x � i� ) = � v(x + i� ): (E.4)

Now back to Equation E.2. Taking its numerator, splitting f into real and imaginary

parts and substituting the symmetry information of Equatio ns E.4 leads to:

f (x + i � y) � f (x � i � y) = u(x + i � y) + iv (x + i � y) � u(x � i � y) � iv (x � i � y)

= u(x + i � y) + iv (x + i � y) � u(x + i � y) + iv (x + i � y)

= 2 iv (x + i � y):

Substituting this result into Equation E.2 gives

f 0(x) = lim
� y! 0

2iv (x + i � y)
2i � y

= lim
� y! 0

Im f f (x + i � y)g
� y

: (E.5)

This �nal relation is extremely well suited to numerical imp lementation. Since it is really

not a �nite di�erence|there is no subtraction|the formula i s accurate for extremely small

values of � y even when computed with �nite numerical precision. In fact, if " represents

machine precision, the derivative estimate is normally calculated to machine accuracy when

� y � "kf (x)k. A value of 10� 20 is usually a good choice.

It is evident, then, that the main advantage of the complex-step method is due to

the symmetry of a complex function that is real-valued on the real axis. Taking a �nite

di�erence centered across the real axis (Equation E.2) doesn't require a di�erence after

all. The function need only be evaluated on one side because the value on the other side

can be deduced from the �rst. If, on the other hand, f were complex-valued on the real

axis, the symmetry would break down and the full �nite di�ere nce in Equation E.2 would
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have to be evaluated, a�ording no advantage over the traditional central di�erence formula,

Equation E.1.

E.2 Implementation Issues and Observations

The implementation in a computer program is deceptively simple (see also [62]). Most of the

languages used in numerical computing already handle complex mathematics. It is almost

just a matter of adding a small complex step to the input variable of interest and taking

the imaginary part of the output divided by the step size.

Typically, the biggest changes are to the input/output rout ines in order to allow the

complex-step value to be input and to print out the derivatives. Other changes include

variable declarations, where all 
oating point variables should be changed to complex-valued

variables. Program 
ow controls, such as conditional statements, should also be modi�ed

to compare only the real part of the variables. This makes sense because the computation

of derivatives should not otherwise change the execution path.

There are a few other small catches. The complex absolute value function, for instance,

is not an analytic extension of the real-valued version. The correct operation is really a

change of signfunction. In other words, when the real part is negative, the entire complex

number is multiplied by � 1. Other di�culties involve the inverse trigonometric func tions

sin� 1, cos� 1 and tan� 1. These are typically de�ned using complex-valued formulas such as:

tan � 1(z) =
i
2

ln
�

i + z
i � z

�
:

Such a de�nition appears to violate the very �rst assumption of the complex-step method

(that the function being di�erentiated is real-valued along the real axis). This function,

however, is a real-valued function that meets the symmetry conditions of Equations E.4.

The di�culty encountered with such a formula is due to the int ermediate steps that are

computed and stored. It is quite obvious that in computing i + z, any imaginary part of z

smaller than " is immediately lost. This shows that the assumption of a real-valued function

must be true for each internal numerical computation|every line of code in the program.

The above inverse tangent formula does, in fact, break down the required symmetry inter-

nally which causes derivative information to be lost.

The solution to this dilemma is evident by examining the Taylor series E.3. For values

of � less than"kf (x)k, only the �rst two terms on the right hand side remain; the rest are

truncated by the �nite precision of the computer. � It is therefore consistent for the rede�ned

inverse trigonometric functions to be broken up into a real part that is just the real-valued

� So long asx does not lie near a singularity of f (z).
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version of the function and an imaginary part that returns th e function derivative multiplied

by the imaginary part of the input variable. For the inverse t angent example, takinga and

b as the real and imaginary parts of the function argument, tan� 1 can be rede�ned as:

tan� 1(a + ib) = tan � 1(a) + i
b

1 + a2 :

Similarly, any general function can be de�ned as:

f (a + ib) = f (a) + ibf 0(a);

which is obviously just the �rst two terms in the Taylor serie s of Equation E.3.

This last observation really brings out the resemblance between the complex-step method

and conventional automatic, or algorithmic di�erentiatio n methods (see [62, 64]). For small

enough step sizes, the two methods are numerically very similar. The imaginary part carries

the derivative information through the execution thread and each function multiplies in its

own contribution as it is called. This is exactly how algorithmic di�erentiation methods

calculate derivatives by the chain rule.

The advantage of the complex-step is that most functions are prede�ned and readily

available in modern programming languages. On the other hand, traditional algorithmic

di�erentiation tools could be more e�cient and often can gen erate higher order derivatives

and implement reverse-mode di�erentiation. The complex-step method, however, doesn't

require any extra software and can be fairly clean to implement (it requires relatively few

changes of the original source code and results in easily readable and maintainable code).

The complex-step method is, in fact, an algorithmic di�erent iation method that is already

built into most programming languages but has remained hidden for many years.

In any case, this resemblance to algorithmic di�erentiation answers many implemen-

tation issues. For instance, the issue of conditional statements is easy to interpret when

keeping in mind that the real part should be handled as the unchanged, original code and

the imaginary part contains derivative information. There fore, any comparison operator,

such as less than and equal to, must compare real parts and just carry the imaginary part

along to wherever the conditional statement takes the execution thread.

Similarly, some of the sticky points of algorithmic di�eren tiation can be issues with the

complex-step as well. There are a few functions that result insingular derivatives such as

the square root operator as its argument approaches zero. Inthis case, the complex-step

handles the singularity reasonably well but at the expense of accuracy.

And the complex-step method could help elucidate some facetsof algorithmic di�eren-

tiation. One area is proofs of convergence. In computational 
uid dynamics, for instance,
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platform Intel Celeron Intel Celeron Intel Celeron Sun Ultra60 SGI octane
compiler gcc 2.91.66 gcc 3.2.2 Intel 7.0 SunWS 5.0 MIPSpro 7.30

-------------------------------------------------------------------
complex-step 3.6 3.0 3.9 4.8 2.2
algorithmic 2.2 1.8 3.3 2.4 1.6

Table E.1: Execution time penalties for complex-step and algorithmic di�erentiation methods.
The �gures are ratios of the execution times of each method to the real-valued computation
times.

the CFL number places a limit on the maximum allowable time step as a function of spa-

tial discretization of the equations. The methods used �nd this CFL value and to prove

consistency of the discretized equations do not change whenconsidering complex numbers.

Therefore, with very little work it is possible to show that t he imaginary part will converge

to the correct function derivative as long as the convergence limitations of the real part are

met. And, as a consequence, this is a proof of convergence forany algorithmic di�erentiation

approach that is numerically equivalent to the complex-stepmethod.

A serious drawback of the complex-step method is numerical execution speed. Ta-

ble E.1 shows ratios of execution times for the complex-step method and an algorithmic

di�erentiation method to the original real-valued computat ion. In numerical computing,

there is a rule of thumb that complex variable operations take approximately three times

longer to compute than the same real-valued computations. Similarly, a simple algorithmic

di�erentiation method should take about twice as long since the derivative calculation is

approximately as time consuming as the original function. The table supports these general

rules, but also shows that real-world results are very implementation dependent.

E.3 Higher-Order Formulas

The original work by Lyness and Moler [61] concentrates on numerical approximations to

contour integrals. The method is founded on the Cauchy integral formula:

f (z) =
1

2�i

I
f (� )
� � z

d�:

This integral can be evaluated along any closed contour in a counterclockwise direction,

and it just plucks out the value of f at � = z (assuming, of course, thatf is analytic inside

the contour). Since z is a parameter in the integral, both sides can be di�erentiated with

respect to it m times, giving the more general form:

f (m) (z) =
m!
2�i

I
f (� )

(� � z)m+1 d�:
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The term in the denominator of the integrand acts something like a Dirac delta function

does in plucking one value out of the integral. In this case, however, it manages to pluck just

the mth coe�cient of the Taylor series of f , which, of course, contains themth derivative of

f .

It is not too di�cult to see how this works. Consider a Laurent series expansion [84] of

a function, g, about the point z0:

g(z) =
a� m

(z � z0)m + : : : +
a� 3

(z � z0)3 +
a� 2

(z � z0)2 +
a� 1

(z � z0)
+ a0 + a1(z � z0)

+ a2(z � z0)2 + a3(z � z0)3 + : : : + an (z � z0)n ; (E.6)

where the coe�cients, ai , are constants. A closed contour integral ofg about z0 going

counterclockwise along a small circle of radius� such that (z � z0) = �e i� and therefore

dz = i�e i� d� , looks like this:

I
g(z)dz =

I nX

k= � m

ak (z � z0)kdz =

2�Z

0

nX

k= � m

ak (�e i� )k i�e i� d� = iak � k+1

2�Z

0

ei (k+1) � d�

= iak � k+1 ei (k+1) �

i (k + 1)

�
�
�
�
�

2�

0

= 0 for k 6= � 1

= iak

2�Z

0

d� = 2 �ia � 1 for k = � 1

So this contour integral just plucks out the a� 1 coe�cient from of the series (multiplied

by 2�i ). This means that it can be used to pull an arbitrary coe�cien t from the Taylor

series expansion of an analytic function. Since the Taylor series coe�cients contain function

derivatives, arbitrary order derivatives can be computed with this contour integral.

The Taylor series expansion for an analytic function,

f (z) =
1X

k=0

(z � zo)k

k!
f (k) (z0);

can be divided by (z � z0)m+1 and, for convenience, multiplied bym!=(2�i ), to get:

m!f (z)
2�i (z � z0)m+1 =

m!
2�i

1X

k=0

(z � z0)k� m� 1

k!
f (k) (zo) = g(z):
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Now g is integrated around z0 and, as before, the terms vanish for all k exceptk = m:

I
g(z)dz =

m!
2�i

2�if (m) (z0)
m!

= f (m) (z0);

which is the mth derivative of f at z0. Therefore, given an analytic function f , its mth

derivative can be computed by evaluating the following integral:

f (m) (z0) =
m!
2�i

I
f (z)

(z � z0)m+1 dz (E.7)

=
m!
2�i

2� +  Z

 

f (z0 + �e i� )
(�e i� )m+1 i�e i� d� (E.8)

=
m!

2�� m

2� +  Z

 

f (z0 + �e i� )
eim� d� (E.9)

�
m!

s� m

s� 1X

k=0

f (z0 + �e 2�ik=s + i )
e2�imk=s + im 

: (E.10)

The last relation is a trapezoidal-rule approximation of the integral about a circular contour

with s segments. Notice that the integral is exact for �nite valuesof � , which is the analogous

parameter to the traditional step size, as long ass tends to in�nity. It should also be noted

that the theory does not limit the contour to be a circle. Any shape will do as long as the

original function, f , is analytic on and inside the contour.

The traditional central di�erence formula (Equation E.1) c an be derived from Equa-

tion E.10 by using m = 1, s = 2,  = 0 and � = � x. The complex �rst derivative formula

can be derived by usingm = 1, s = 2,  = �= 2 and � = � y, which leads directly to

Equation E.2. With m = 2, s = 4,  = 0 and � = h, a simple formula for the second

derivative is found:

f 00(x) = lim
h! 0

f (x + h) + f (x � h) � 2 Ref f (x + ih )g
2h2 :

This formula is fourth-order accurate unlike the analogous traditional three-point central

di�erence formula, which is second-order accurate.

Unfortunately, there is no symmetry of terms in the higher order derivative formulas, so

the complex variable methods still su�er from subtractive cancellation.y There is, however,

yErratum: This statement is not strictly accurate. It is true that su btractive cancellation cannot be
completely avoided, however the symmetry properties of complex conjugates can still be used to reduce the
number of function evaluations and, apparently, to a�ect a reduction in subtractive cancellation errors. For
instance, an alternate second derivative formula can be derived using m = 2, s = 4,  = �= 4 and � = h.
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the advantage that, as previously mentioned, the step size need not be driven to zero for

accuracy.

Figures E.1 and E.2 show comparisons of traditional �nite di�erences and the higher

order complex methods for �rst and second derivatives of a simple example function: y =

sin(x) � x cos(x). The accuracy of the 64{step method could probably be achieved with

fewer points if a fancier quadrature formula is utilized in place of the trapezoidal rule.

Nevertheless, it seems that higher order derivatives can becalculated to machine precision

with complex variable methods if some care is taken in picking � . This is unlikely to be

directly useful in optimization because so many function evaluations are required, however

it could be very useful for validating and debugging other methods of calculating second or

higher order derivatives.

This results in a two-point, fourth-order accurate formula:

f 00(x) = lim
h ! 0

Im
n

f (x + hp
2
(i + 1))

o
� Im

n
f (x + hp

2
(i � 1))

o

h2
:

It turns out that this formula, at least for the example plotted in Figure E.2, exhibits signi�cantly smaller
errors due to subtractive cancellation compared to the results plott ed in the Figure. Applying the properties
of complex conjugates to the 64-step formula would probably also increase its accuracy at smaller step sizes
and, of course, reduce the number of function evaluations to 32.
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Figure E.1: Error of �rst derivative formulas as a function of step size.
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Appendix F

Shock-Expansion Method

A simple shock-expansion calculation is used in a few parts ofthis thesis. The assumption

is two-dimensional 
ow over a convex airfoil such that there is an attached oblique shock

at the leading edge, then isentropic expansion behind it. The same calculation is used for

in�nite-swept wings by scaling the input Mach number and outp ut pressure coe�cients

appropriately (simple sweep theory):

M ? = M 1 cos(�)

cp = cp? cos2(�)

we = U1 sin(�) ;

where � is the wing sweep, M ? is input to the shock-expansion code, andcp? is the output

along with ue, the chordwise velocity component (which doesn't need to betransformed).

The spanwise velocity component,we, is constant throughout the swept wing.

The assumption of Prandtl-Meyer 
ow behind the oblique shock neglects the e�ect of

expansion waves re
ecting o� of the shock. Although, in theory, this approximation is better

for hypersonic 
ows, comparisons of this method with Euler calculations on thin biconvex

airfoils are favorable. Oblique shock and Prandtl-Meyer relations are taken from Liepmann

& Roshko [85] and NACA 1135 [86].

The code is written in the Python programming language and ismostly self-explanatory:

def shock_expansion(Minf,Tinf,yprime):

"""

LE oblique shock and then Prandtl-Meyer flow behind that.

yprime is a list of airfoil surface slopes.

Tinf is in Kelvin, and ue is returned in m/s.

"""
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Gam=1.4

R=287.

##### LE Shock first #####

Mi2=Minf**2

theta=atan(yprime[0])

thetamax=.3208*(Mi2-1.)**1.5/Mi2 # approximate maximum NACA 1135

print 'LE theta = %.4g approx maximum = %.3g'\

% (theta*180./pi,thetamax*180./pi)

# Approximate formula from Liepmann & Roshko p. 92

sin2beta=(.5*(Gam+1.0)*Mi2/sqrt(Mi2-1.)*theta+1.0)/ Mi2

### place Newton method here ###

# turning off Newton method results in a solution between

# linearized theory and Prantl-Meyer compression.

# This is the cubic equation in NACA 1135 by Newton method

# with a good starting guess so that the correct root should

# be found?

costheta=1.0/sqrt(1.0+yprime[0]**2)

sintheta=yprime[0]*costheta

bb=-(Mi2+2.0)/Mi2-Gam*sin(theta)**2

cc=(2.0*Mi2+1.0)/Mi2**2+((Gam+1.0)**2/4.0+(Gam-1.0) /Mi2)*sin(theta)**2

dd=-cos(theta)**2/Mi2**2

for k in range(9):

delsin2beta=-((sin2beta**3+bb*sin2beta**2+cc*sin2be ta+dd)

/(3.0*sin2beta**2+2.0*bb*sin2beta+cc))

sin2beta=sin2beta+delsin2beta

### end of Newton method ###

cp=[4.0*(sin2beta-1.0/Mi2)/(Gam+1.0),]

#M2le=((Gam-1.0)*Mi2*sin2beta+2.0)/(2.0*Gam*Mi2*sin 2beta-Gam+1.0)\

# /sin(beta-theta)**2

M2le=(((Gam+1.0)*Mi2)**2*sin2beta-4.0*(Mi2*sin2beta -1.0)

*(Gam*Mi2*sin2beta+1.0))/(2.*Gam*Mi2*sin2beta-Gam+1 )\

/((Gam-1.0)*Mi2*sin2beta+2.0)

T=Tinf*(1.+(Gam-1.)/2.*Mi2)/(1.+(Gam-1.)/2.*M2le)

ue=[sqrt(Gam*R*T*M2le),]

if M2le > Mi2 or M2le < 1.0:

print 'LE angle too big; Mle = %g' % sqrt(M2le)
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sys.exit(1)

##### then adiabatic expansion/compression to the trailin g edge #####

P2divP1=(2.0*Gam*Mi2*sin2beta-Gam+1.0)/(Gam+1.0)

M2old=M2le

foo2=(Gam-1.0)/(Gam+1.0)

foo1=sqrt(1.0/foo2)

for i in range(1,len(yprime)):

thetaold=theta

theta=atan(yprime[i])

dtheta=theta-thetaold

Mold=sqrt(M2old)

# approximate M2 by incrementing Mach using the integrand

# of the Prandtl-Meyer function -- cheap numerical integrat ion

M2=(Mold-Mold*dtheta

/sqrt(M2old-1.0)*(1.0+(Gam-1.0)/2.0*M2old))**2

### insert Newton method here ###

# exact Pradtl-Meyer equation solved for M2 by Newton method .

# Could probably get away without the Newton; just the starti ng

# guess is pretty close.

PMold=foo1*atan(sqrt(foo2*(M2old-1.0)))-atan(sqrt(M 2old-1.0))

for k in range(5):

PM=foo1*atan(sqrt(foo2*(M2-1.0)))-atan(sqrt(M2-1.0) )

F=PM-PMold+dtheta

dF=0.5*sqrt(foo2)/(1.0+foo2*(M2-1.0))/sqrt(foo2*(M2 -1.0))\

-0.5/M2/sqrt(M2-1.0)

M2=M2-F/dF

### end of Newton method ###

PidivP2=((1.0+(Gam-1.0)/2.0*M2le)

/(1.0+(Gam-1.0)/2.0*M2))**(Gam/(Gam-1.0))

cp.append(2.0/Gam/Mi2*(PidivP2*P2divP1-1.0))

#cp.append(2.0*theta/sqrt(Mi2-1.0)) # linear theory

T=Tinf*(1.+(Gam-1.)/2.*Mi2)/(1.+(Gam-1.)/2.*M2)

ue.append(sqrt(Gam*R*T*M2))

M2old=M2

return (cp,ue)



Appendix G

User Manual for the SWPTPRBL

Program

The \swptprbl" program is written mostly in C++ with capabil ity for running compressible

quasi-3D boundary-layer calculations with transition prediction including complex-step or

algorithmic derivatives. The following sections include short descriptions of the input and

output �les as well as the calling syntax corresponding to the version of the program dated

Sun Sep 21 16:13:15 PDT 2003.

G.1 Basic Usage

Following standard UNIX command line argument notation, th e program is run by typing

the following:

swptprbl [arguments ...]

Arguments:

-incomp - run incompressible code

-comp1 - run original compressible code

-comp2 - new compressible code (default)

-complex - complex variable derivative approximation

-surreal - exact derivative calculation by overloading

-velinp - read in external velocities (compressible only)

-velinp2 - velinp + read in dpdz correction (comp2 only)

-i file - read input �le named `�le'

-o file - write output �le name `�le'

-cosal - write input �le for COSAL

-lastrac - write mean-
ow �le for Lastrac
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-bradshaw - transition to BF program

-linesearch - force a solution esp. when near separation (laminar only)

Without any arguments, the code will read from the default input �le and write to the

default output �le, then exit. The default input �le name is stbl.in and default output is

to stbl.out . The COSAL �le is written, if it is asked for, to a �le whose nam e is that of

the output �le with COSAL.inp appended to it (i.e., the default is stbl.out COSAL.inp).

The -bradshaw option just spews some numbers to the standard output at the transition

station and then the program exits (this option not developed fully yet).

The remaining arguments have to do with how the solution is calculated. There are

three independent 
ow solvers within this code, one incompressible and two compressible

ones, with the compressible solvers having extra options onexternal 
ow input. The �rst

compressible solver,-comp1, has the w velocity, its integral and derivative normalized by

we, the external w velocity. This causes trouble near areas wherew passes through zero.

The code runs �ne, but the z-momentum equation frequently converges to a wrong answer

in that region. However, the equations were discretized very similarly to Cebeci's method

[11] which has some advantages. The second compressible solver, -comp2, was devised to �x

these convergence problems nearw = 0 regions by using ue as the normalization parameter

for all velocities (and their integrals and derivatives). This caused some problems with

convergence at the boundary layer edge, so the equations hadto be discretized di�erently

(seex2.3.2 on page 26 for details). Due to this change in discretization, the two versions

handle the direct input of external velocities di�erently, and the second allows for the

additional input of the pressure gradient in the generator line direction. The default input

is just the inviscid pressure coe�cient at each chordwise station along the arc. The option

-velinp works with either compressible solver and is meant for the input if ue and we in

addition to cp at each x station, while -velinp2 tells the second solver to also input the

radial pressure gradient.

G.2 Input File

The input �le format started out similar to Cebeci's, and has subsequently been modi�ed.

It consists of two header lines followed by columns of valuesfor each station. In addition,

here can optionally be two comment lines at the top, and up to one each between every

subsequent line of data. Comment lines start with a percent (%) character (not recognized

by -incomp mode). The �rst line of data consists of seven variables:

� nxt , the integer number of x stations at which data will be provided (and solutions

calculated);
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� ntr , an integer specifying at which station transition occurs,or if it is negative, which

transition criteria should be used;

� sweepis the leading edge sweep (deg);

� ro, the radius from the solution arc to the taper vertex (m);

� deta, the height of the �rst mesh point above the surface (non-dimensional Falkner-

Skan � units);

� vgp, Cebeci's mesh stretching parameter (1:0 for no stretch, > 1, for stretch); and

� bc, the surface boundary condition for the energy equation (integer: 0 to specify

surface temperature, 1 to specify temperature gradient and2 to specify the wall value

of G directly).

The second header line consists of �ve variables:

� machi, the freestream Mach number;

� tempi , the freestream static temperature (K );

� pressi, the freestream static pressure (N=m2);

� P r , the Prandtl number; and

� etae, the edge value of the Falkner-Skan coordinate� .

The body of the �le contains up to six columns of nxt numbers each. For-incomp, only

the �rst two are necessary, and for the compressible solvers, the �rst three must be present.

The rest are optional. Each column contains the following information:

� x, the arc ordinate (m);

� cp, the external pressure coe�cient;

� tbcw, the temperature wall boundary condition|either the wall t emperature in K ,

the temperature gradient, @T=@y, in K=m or the wall value of G;

� ue, the external velocity tangential to the arc (m=s);

� we, the external radial velocity towards the vertex (m=s); and

� rdcpdz, pressure gradient towards vertex (non-dimensional| ro(@cp=@z)).

The input �le without comments (Cebeci style) looks like thi s:

9 4 16.666700 5.579434 .01 1.14 1 nxt,ntr,sweep,r0,deta,vg p,bc

1.500000 216.667000 14752.231780 0.7 8.0 machi,tempi,pre ssi,Pr,etae

0.000000 0.023306 0. 418.030635 126.886150 0.000756

0.002774 0.026419 0. 417.801194 126.786554 0.000617

0.007448 0.038020 0. 415.765566 126.471703 -0.000163

0.014022 0.054603 0. 412.608003 125.960669 -0.001149
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0.022497 0.067952 0. 410.201865 125.356088 -0.001222

0.032870 0.073843 0. 409.316009 124.663926 -0.000623

0.045140 0.073578 0. 409.534962 123.788705 0.000050

0.059305 0.070071 0. 410.332623 122.744231 0.000385

0.075361 0.066585 0. 411.162771 121.552790 0.000149

Extra text to the right of the last numerical value is ignored , and the numbers are unfor-

matted and therefore must be separated by some white space. With comment lines, the �le

can be more readable:

% A7b 3% airfoil at M1.8 FL270

% nxt ntr sweep r0 deta vgp bc

193 -2 0.00000 0.0000000000 0.0100000 1.01000 1

% mach temp press Pr etae

1.80000 234.657 34433.8 0.700000 12.000

% x cp tbcw ue we

0.000000 0.1975721 0. 502.1030 0.

0.01524000 0.1947527 0. 502.7629 0.

0.03048000 0.1917041 0. 503.4779 0.

0.04572000 0.1884289 0. 504.2476 0.

0.06096000 0.1849299 0. 505.0718 0.

...

Note that this is a 2D case. In -comp2 mode, sweep can be identically zero, andr0 can be

in�nite, which should be input as zero (some compilers will actually read in the string Inf

as the IEEE 
oating point representation of in�nity, or can t ake a really big number such

as 1.0E+500, and others accept neither).

G.3 Output File

The output �le also has similarities with Cebeci's old codes. In its header, it echoes the

input �le header, plus the Reynolds number based on the arc length, the arc length, and

speci�es which external 
ow inputs were used. Following that are data at each x station.

The top of each station data includes the external 
ow quantities and the convergence

history. The full solution pro�le is given in 14 columns:

� j , the vertical index (0 at the surface);

� eta, the Falkner-Skan coordinate� ;

� f , the integral of u=ue with respect to � ;
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� u, the tangential velocity pro�le, u=ue;

� v, the � derivative of u=ue;

� g, the integral with respect to eta of w=we for -incomp and -comp1 or of w=ue for

-comp2;

� w, the radial velocity pro�le, w=we or w=ue, positive towards the taper vertex;

� t, the � derivative of w=we or w=ue;

� E , non-dimensional temperature pro�le, T=Te;

� G, the � derivative of T=Te;

� T , the temperature pro�le in Kelvin;

� u1, the streamwise velocity pro�le in m=s;

� u2, the cross
ow velocity pro�le in m=s; and

� y, the distance above the surface in meters.

At the bottom of the columns, after the �rst station, are more data including station

Reynolds number, Rex , integral thicknesses as de�ned by Smith [10], streamwise shape

factor, H11, angle of the limiting streamline from the external 
ow dire ction, Beta, angle

of the external 
ow from the solution arc, Angvel, the cross
ow Reynolds number, Rcf ,

and skin friction coe�cients. The friction coe�cients requ ire some explanation: Cf 1 and

Cf 2 are in the external streamwise direction, and perpendicular, respectively; Cfx and Cfz

are in the Bradshaw directions (tangential and radial); and Cfchord and Cfspan are in the

freestream (chordwise) and spanwise directions, respectively. Also note that the various

Cf s are normalized by edge quantities, not freestream conditions.
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